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ABSTRACT
This dissertation addresses the problem of estimation in multivariate non-parametric re-
gression of real value and vector valued functions when there is classical measurement errors in
the covariates. Different estimation approaches, including selection of bandwidth parameters,
are studied first and compared for the case of no measurement error, and then for the error
case. New theoretical results related to criteria for selecting the bandwidth parameter are pre-
sented for the vector valued regression problem. We also conjecture on possible extensions of
the methods to improve estimation in the multivariate response case.
In the context of semi-parametric regression with multiple covariates, it is known that the
solution to the penalized least squares minimization problem can be interpreted as the mean
of the posterior distribution arising in the context of an empirical Bayesian approach. The
probability model in this approach has a Gaussian process as prior on the target regression
function with co-variance structure depending on the reproducing kernel of an associated re-
producing kernel Hilbert space. By the Representer Theorem, the solution to the minimization
problem can be expressed as a linear combination of a set of known basis functions. We prove
that under different a Bayesian model with multivariate normal priors on the coefficients and
covariance structure depending on a reproducing kernel, it is possible to obtain the same pos-
terior estimates of the regression function as with the previous formulation with the Gaussian
process prior. Our approach has an advantage over its predecessor; to predict the value of the
target function on any domain and to produce credible intervals for the predictions, we only
need to evaluate known basis functions using estimated parameters. In contrast, when using
the previous Bayes formulation with Gaussian process prior, we first need to fix the points
where the Gaussian process is to be estimated but subsequent evaluations of the process is
done externally; for computational reasons, obtaining an exact solution to the penalized least
square minimization problem is not practical; instead, we review, modify and implement an
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approximate solution. We show that the full conditional posterior distribution of the point-wise
regression estimates is the same in both approaches.
We evaluated the performance of our method using simulation. We compared our Bayesian
approach applied to existing methods proposed for estimation in non-parametric regression
in the frequentist setting, including thin plate splines, a linear mixed model interpretation of
thin plate splines, and tensor product splines with marginal thin plate splines. In all cases,
we computed the previously mentioned approximate solution to the optimization least square
problem. The computation of smoothing parameters is done via empirical Bayes approach
that involves the minimization of score functions. We considered three different score functions
from the literature. The linear mixed model formulation enables us to write the smoothing
parameter as the ratio of two variances and therefore we can estimate the parameter, as a
fourth approach, using the standard Bayesian estimation framework. We compare the various
approaches by focusing on frequentist properties of the Bayesian estimator of the regression
function and of the point-wise credible intervals. In particular, we compute average coverage
rates of the credible intervals for all methods, where the average is taken over the prediction
points. We find that the average coverage probability is close to the nominal level, at least for
predictions inside the observation region for the covariates; while point-wise credible intervals
are not to be trusted to have nominal coverage, unless they are inside the region of covariate
observation and only when using specific methods to select smoothing parameters.
The simulation has two objectives: to study the performance of the estimators and to
examine potential approaches involving basis functions with tractable form which might be
used in a more complex setting with errors in the measurements. We argue that the Bayesian
framework applied to the thin plate spline approach is an acceptable trade off between compu-
tational complexity required to fit and predict from the model and the frequentist properties
of the estimators. Using the proposed Bayesian model and the thin plate splines, we extend
our Bayes model for the regression problem with multiple regressors and classical measurement
error in the covariates. We carried out similar simulation study with the purpose of studying
the frequentist properties of the estimators. We discuss simulation results that refer to point-
wise estimation of the regression function, empirical coverage of point-wise credible intervals for
xvi
evaluations of the regression function, and to performance of estimators of the observation-error
variance.
While reviewing the literature, we found that many results are either presented without
proof or with proofs that seemed incomplete to us. In those cases, we endeavored to write
complete proofs for those results on which we relied. If the proof of a proposition is presented in
this dissertation, that indicates that it was not available in the literature and can be considered
original research. Whenever a proposition is listed without a proof, it means that the proof
was published elsewhere and we include the corresponding citation.
Finally, we also consider the case where the response is vector-valued and the form of the
mean regression function is unknown. We first propose an approach of estimation when there
is no measurement error in the covariates. We then extend the method to the case where
covariates are measured with classical error. As in the univariate response case, we do not
assume a form of the regression function but we do formulate a set of assumptions that must
be met. We propose – without complete proof – three methods for computing the smoothing
parameters and extend the methods to theoretically address calculation of a diagonal bandwidth
matrix and a general bandwidth matrix. We illustrate these methods via simulated examples.
1CHAPTER 1. OVERVIEW
Let X be a non-empty set and {xi, yi}ni=1 ⊂ X × R denote a sample of regressors xi and
response variables yi. Let H ⊂ {η : X→ R} be a class of response curves for describing the
response mean as a function of the regressors; in particular H will be a Reproducing Kernel
Hilbert Space, RKHS (Definition 35) possibly of infinite dimension, dimension in the sense of
vector linear space over R. Let be J the square of the norm in H. The penalized least squares
minimization problem can be formulated as follows: find the function η ∈ H that solves
arg min
η∈H
n∑
i=1
(yi − η(xi))2 + nλJ (η) (1.1)
with penalty parameter λ > 0. This problem has been widely studied by different authors using
theory of linear operators in Hilbert spaces; see (Weidmann (1980); Akhiezer and Glazman
(1981a,b)) from the perspective of RKHS’s , and (Aronszajn (1950); Duchon (1977); Wahba
and Craven (1978); Kimeldorf and Wahba (1971); Meinguet (1979); Wahba and Wendelberger
(1980); Wahba (1985, 1987); Chen (1993); Wood (2003); Gu (2013)).
The choice of appropriate smoothing parameters λ and other hidden smoothing terms inside
the penalty term J is challenging and has been approached by defining score functions that
need to be minimized. Examples of approaches that minimize a score function include unbi-
ased parameter estimation that minimizes some loss function (Mallows (1973) (UERL)), cross
validation and generalized cross validation (Wahba and Craven (1978) (GCV)), and scores ob-
tained in the context of maximum likelihood estimation in certain models (Wecker and Ansley
(1983), Wahba (1985),Li (1986) (RML)). When there are no smoothing parameters in J , λ may
be interpreted as the ratio of two variance components in a linear mixed effects model (Ruppert
et al. (2003)) equivalent to (1.1); such linear mixed model is obtained from a perspective of the
best linear unbiased prediction (BLUP) (Henderson (1973), Robinson (1991)).
2The solution to the problem (1.1) is by definition in H which can in principle be a space
of functions of infinite dimension. Under certain conditions on J , it can be shown that a
unique solution exists in a subspace of H that is completely and uniquely described by a
finite number of functions; a finite dimensional space. This result is known as the Representer
Theorem (Scho¨lkopf et al. (2001)) and plays a key role in the rest of thesis. The advantage of
knowing that the unique solution belongs to a fully described finite dimensional space is that
the infinite dimensional problem (1.1) is reduced to a finite dimensional problem where only a
finite number of parameters that need to be estimated. For given smoothing parameters, the
general approach for solving (1.1) is to write the solution to (1.1) as a finite linear combination
of a known basis set of functions that depend entirely on the sampling points {xi}ni=1 and on
the associated reproducing kernel of H. Using this finite representation, one can transform the
functional minimization problem (1.1) into a simpler one: to solve a real linear finite system
of equations. This system may still be very large and computationally intensive, but at least
might be approximately solved and the rate of approximation can be studied.
For computational reasons, we need to find an approximate solution to (1.1) (Gu and Kim
(2002), Wood (2003), Kim and Gu (2004)) and one way to do it is by solving a lower dimensional
linear system. This solution has the same asymptotic convergence rate as the exact solution.
Some loss in the accuracy of point estimates of the function η is the price we pay for a fast
algorithm that can be used in practice.
The penalty term J reflects, up to the value of nλ, the smoothness desired for the solution
to (1.1). In practice we must choose J in a case by case basis. In general, for a smooth solution
(in the sense of continuity of derivatives) we can choose J to be in the family of the thin plate
splines (Duchon (1977), Wahba and Wendelberger (1980), Wood (2003), Ruppert et al. (2003),
Gu (2013)) or we can construct new penalty terms using a tensor product of Hilbert spaces
which leads to solutions to (1.1) as tensor product smoothing splines (Barry et al. (1986),Wahba
(1987), Gu and Wahba (1993a), Gu and Wahba (1993b), Chen (1993) , Barry et al. (1986), Gu
(2013)).
In addition to point estimation, we wish to obtain confidence intervals for the point estimates
of the regression function. This can be accomplished by proposing Bayesian estimation methods
3for regression parameters with the property that the mean of the full conditional distribution of
the estimated function is either the approximate solution, or the exact solution to the penalized
least square minimization problem (1.1). The first attempt to fit smoothing splines within
a Bayesian framework is by (Kimeldorf and Wahba (1970)); the selection of the smoothing
parameters is accomplished with the help of the sampling points {xi}ni=1, an empirical Bayes
approach. Further work was developed by (Wahba (1978)) for the simple regression case. Other
relevant references are (Wahba (1983)), (Berry et al. (2002)) and (Kim and Gu (2004)).
Here we review the theory that we need, to obtain the exact and the approximate solutions
to the penalized least square minimization problem in (1.1). We also review four existing
methods to calculate smoothing parameters, and the theory underlying empirical Bayesian
methods that we use to obtain credible bands around our estimates. We found that many
results are presented in the literature without proof. Whenever we could not find a proof for a
proposition on which we relied, we endeavored to produce the proof. Therefore, an additional
contribution of this work is the proof of all the results for which we could not find one in the
literature. All the theoretical background results are given in appendix B. The general rule is
the following: if the proposition has been proven, we provide the corresponding reference, and
if it has not (or if the proof is not easily found in the literature) we include a detailed proof in
this appendix.
The rest of the dissertation is organized as follows. In Chapter 2 we review the concept of
reproducing kernel Hilbert Spaces (RKHS ), the space in which we develop our method. We
also revisit existing results on the form, uniqueness, and interpretation of the exact solution
to the penalized least square estimation problem. In Section 2.1 we provide details about the
properties of the exact solution to (1.1) for the case of the thin plate splines, tensor splines with
thin plate splines as marginals, and linear mixed model interpretation of the exact solution to
the thin plate splines. We give an explicit expression of the reproducing kernel in the thin plate
splines setting and discuss a computational algorithm to evaluate it in Sections 2.1.1, 2.1.1.1
and 2.1.1.2. The theory of tensor thin plate splines is reviewed in Section 2.1.2, where we also
describe computational approaches to their application. The linear mixed model framework is
described in Section 2.1.3. The results obtained when we focus on computing the approximated
4solution to the penalized minimization problem are shown in Section 2.2, first for smoothing
splines (Section 2.2.1) and then for the linear mixed model representation (Section 2.2.2). To
approximate the solution to (1.1) we must select a set of knots; a criterion for selecting the
knots is described in Section 2.2.3 and in Section 2.2.4 we discuss a method to select the degree
of the smoothness provided by the penalty J of the thin plate splines. Algorithms to compute
the smoothing parameter(s) are described in Section 2.3.
In Chapter 3 we propose a novel, fully Bayesian approach to solve the penalized mini-
mization problem on which we focus. Initially, we assume that the bandwidth parameter(s) is
given. The proposed approach has the property that the full posterior distribution of the mean
regression function is the approximated solution to (1.1) and equals the regression estimator
from Kim and Gu (2004). Both methods are similar in terms of computational effort. The
method we propose, in contrast to Kim et.al.’s, can be extended to the measurement error case
in a straightforward way (Section 4). Kim et.al. treat the regression function as a Gaussian
process while we treat it as a linear combination of a set of known fixed basis functions. When
using Kimet.al.’s method in the measurement error case, prediction of η for new values of the
covariates {χi}Ni=1 is computationally challenging because the unobserved values of the covari-
ates {xi}ni=1 need to be estimated; the estimation is carried out using an MCMC algorithm.
The estimates {xˆi}ni=1 change in each iteration, which means that we need to keep track of the
sequence of estimates of {η(χi)}Ni=1 on the grid {χi}Ni=1 selected in each step. This then means
that Kim et.al. must choose from the beginning all the points at which they wish to predict
the value of the regression function, and they also need to save all those estimates. With the
method we propose we only need to save the estimates of the coefficients in the regression
model so that the fixed basis functions can be evaluated at {χi}Ni=1 to produce an estimate of
{η(χi)}Ni=1. The estimates are obtained from the posterior predictive distribution. In Section 4
we apply our method in the case where covariates are subject to classical measurement error.
The computational effort is big, which means that it is important to streamline calculations
as much as we can without sacrificing accuracy. We provide empirical justification for some
computational short-cuts by showing the results of a simulation study in Section 3.3.
5We address the problem of non-parametric estimation in a multivariate regression model
with measurement error in the covariates in Section 4. To do so, we extend the Bayesian
approach from Section 3. We again evaluate the performance of the estimator in terms of
estimation bias and coverage of credible intervals by simulation, using a design for the simulation
study that closely parallels the one we have already described. Here, we also compare results
we obtain when accounting for the measurement error and when using the average of a large
number of replicates of the covariates associated with an experimental unit as if it was the true
(unobservable) value.
Finally, Chapter 5 refers to the estimation problem when the response is vector-valued and
the elements of the response vector are correlated. We first focus on the case where covariates
are observed with no error using tools similar to those described in Section 3 for univariate
responses. As in Section 3, we propose a Bayesian model that results in a posterior distribution
for η(xi) whose mean can be interpreted as the solution to
arg min
η∈H
n∑
i=1
‖η(xi)− yi‖2Y + λA‖η‖2H.
The regression with measurement error in the covariates is resolved by extending the Bayesian
model developed for the error-free case as we did in Section 4. Again we propose three methods
to choose bandwidth parameters and we make conjectures about a methodological extension
that may enable choice of diagonal and general bandwidth matrices. We illustrate these meth-
ods using a few examples.
Appendix A contains definitions. In Appendix B, we provide proofs for results from the
literature for which we could not find one. In Appendix C, we show figures with more detailed
results than the ones shown in the main body of this document. Finally, in Appendix D we
discuss computational challenges and offer a list of good practices for anyone who wishes to
implement this type of estimation method.
6CHAPTER 2. PRELIMINARIES: SMOOTHING SPLINES MULTIPLE
REGRESSION WITH NO ERROR IN THE COVARIATES
Let X be a non-empty set and {xi, yi}ni=1 ⊂ X×R denote a training set. Let H be a repro-
ducing kernel Hilbert space denoted RKHS which can be written as tensor sum decomposition
(Definition 40) H = ⊕pi=0Hi ⊂ {η : X→ R} with Hi ⊂ H closed sub-spaces which may be in-
dependent, and have inner products (fi, gi)i and reproducing kernels Ri. By Theorem 47, there
exists a unique fi ∈ Hi, the projection of f onto Hi. For convenience we write (fi, gi)i = (f, g)i.
A general form of a penalized least squares functional in H is written as
1
n
n∑
i=1
(yi − η(xi))2 + λJ (η), (2.1)
with penalty term
J (η) = J (η, η) =
p∑
i=1
θ−1i (η, η)i , (2.2)
where it is assumed that η ∈ H and H is a space whose elements have the properties that
are needed for the computation of J with J (η) < ∞. As shown later, J is the squared norm
induced by the inner product in H.
The parameter λ controls the trade-off between smoothness as measured by J , and the
discrepancy between the fitted function and the training set as measured by the quadratic loss
function
∑n
i=1 (yi − η(xi))2. The positive tunning parameters {θi}pi=1 allow for re-scaling of the
metrics (·, ·)i. The smoothing parameters λ and {θi}pi=1 need to be selected (see Section 2.3).
The penalty term J is overparametrized in the sense that we only need to specify the ratios
λ/θi. We may choose to fix λ, or to fix one θi, or to impose a constraint on λ and on {θi}pi=1.
For easier interpretation, it is desirable to maintain the symmetry of the penalty term (2.2).
For this dissertation, when p = 1 in equation (2.1) and we set θ1 = 1, this corresponds to the
7case of the thin plate splines (Section 2.1.1), while p > 1 corresponds to the case of tensor thin
plate splines (Section 2.1.2). To avoid identifiability issues, we can set λ = 1.
The bi-linear form J (f, g) =
∑p
i=1 θ
−1
i (f, g)i is assumed to be an inner product in
⊕p
i=1Hi =
H	H0 which has a reproducing kernel
RJ =
p∑
i=1
θiRi.
RJ is the reproducing kernel because it has the reproducing property, for x ∈ X:
J (RJ (x, ·), f) =
p∑
i=1
θ−1
 p∑
j=1
θjRj(x, ·)

i
, fi

i
=
p∑
i=1
θ−1 (θiRi(x, ·), fi)i
=
p∑
i=1
(Ri(x, ·), fi)i =
p∑
i=1
fi(x) = f(x).
The reproducing kernel is unique by Theorem 56. The null space NJ = H0 of J should have
finite dimension l, which is important for the existence of the minimizer as described in Theorem
50 and in its proof; the proof invokes a recurrent argument where convergence is ensured only
if the dimension of NJ is finite. If the conditions of Theorem 50 are met, then for fixed λ and
{θi}pi=1, the Representer Theorem (Theorem 52), (Kimeldorf and Wahba (1971); Wahba and
Wendelberger (1980); Scho¨lkopf et al. (2001)), states that the solution ηλ ≡ η to (1.1) can be
expressed as
η (x) =
l∑
i=1
diψi (x) +
n∑
i=1
ciRJ (xi,x)
= ψ(x)ᵀd + ξ(x)ᵀc,
(2.3)
where {ψν}lν=1 is a basis of the space NJ = H0 and
d = (d1 · · · dl)ᵀ, di ∈ R,
c = (c1 · · · cn)ᵀ, ci ∈ R,
ψ(x) = (ψ1(x) · · · ψl(x))ᵀ ,
ξ(x) = (RJ (x1,x) · · · RJ (xn,x))ᵀ .
Plugging (2.3) in (2.1) and using properties of the reproducing kernel RJ (Proposition 53), the
problem of minimizing (2.1) in the space {η ∈ H : J (η) <∞} is reduced to minimize
(y − Sd−Qc)ᵀ(y − Sd−Qc) + nλcᵀQc (2.4)
8with respect to c ∈ Rn and d ∈ Rl, where Q ∈ Mn×n(R) with (i, j)th entry RJ (xi, xj) and
S ∈ Mn×l(R) with (i, j)th entry ψj(xi). By differentiating (2.4) with respect to c and d and
then equating the derivatives to 0 with the help of Lemma (64), we obtain a linear system 2.5
whose solution provides the values d and c that are inflection points
Q {(Q+ nλI) c + Sd− y} = 0
Sᵀ {Qc + Sd− y} = 0.
(2.5)
We now establish that there is a unique solution to (1.1). By Proposition 48, the functional
L(η) :=
∑n
i=1(yi − η(xi))2 is continuous and convex in H and when S is of full column rank,
the convexity is strict in NJ and L has a minimizer in this space. Theorem 50 states that a
minimizer of (2.1) exists as long as L has a minimizer in NJ . Proposition 48 states as well that
(2.1) is strictly convex in H when S is of full column rank and by Proposition 49, we find that
(1.1) has a unique solution on H.
Theorem 51 enables the interpretation of the minimization problem (1.1) as an estimation
problem. It states that, for a given smoothing parameter λ > 0, minimizing (2.1) in H is equiv-
alent to finding the function ηˆ ∈ H that best fits the training data in the sense of minimizing
the quadratic loss function L, where ηˆ is subject to the constraint that ηˆ is in the ball of radius
ρ (J (ηˆ) ≤ ρ2); ρ depending on both λ and the Gaˆteaux derivative of L.
Even when the unique solution to (1.1) exists, if Q is not of full column rank, then (2.4) may
have multiple minimizers with c and d satisfying (2.5), all of them yield the same estimate
of ηλ by (2.3). In order to obtain a unique solution in practice, it is usually assumed that
(Q+ nλI) c + Sd− y = 0. The new system
Q {(Q+ nλI) c + Sd− y} = 0
Sᵀ {Qc + Sd− y} = 0
(Q+ nλI) c + Sd− y = 0
(2.6)
is consistent regardless of the rank of Q. The system (2.6) is equivalent to
Q {0} = 0
Sᵀ {−nλc} = 0
9(Q+ nλI) c + Sd− y = 0,
which is equivalent to
Sᵀc = 0
(Q+ nλI) c + Sd = y.
(2.7)
The system of equations (2.7) has a unique solution and it corresponds to the solution to (2.5).
Assume that S has full column rank, an assumption required for the existence and uniqueness
of the minimizer of (2.1). The QR-decomposition (Golub and Van Loan (2012)) of S can be
written as
S = FR∗ = (F1, F2)
R˜
0
 = F1R˜, (2.8)
where F has orthogonal columns as measured by the euclidean inner product, R˜ is a upper
triangular matrix, and F1 and R˜ are unique because S is of full column rank. Using (2.8), the
first equation in (2.7) and the fact that R˜ is square non-singular we get
F ᵀ1 c = 0. (2.9)
On the other side of (2.8), since F2 has orthogonal columns, it holds that
In = F2F
ᵀ
2 . (2.10)
Multiplying from the left the second equation in (2.7) by F ᵀ2 we can solve for c as follows:
F ᵀ2 (Q+ nλI) c + F
ᵀ
2 Sd = F
ᵀ
2 y
F ᵀ2 (Q+ nλI) c = F
ᵀ
2 y (2.11)
F ᵀ2 (Q+ nλI)F2F
ᵀ
2 c = F
ᵀ
2 y (2.12)
(F ᵀ2QF2 + nλF
ᵀ
2 F2)F
ᵀ
2 c = F
ᵀ
2 y (2.13)
F ᵀ2 c = (F
ᵀ
2QF2 + nλF
ᵀ
2 F2)
−1
F ᵀ2 y (2.14)
c = F2 (F
ᵀ
2QF2 + nλI)
−1
F ᵀ2 y, (2.15)
where (2.11) follows from F ᵀ2 S = F
ᵀ
2 F1R˜ = 0R˜ = 0, (2.12) follows from (2.10), (2.13) is obtained
by simple algebra, (2.14) is obtained by pre-multiplying by the inverse of F ᵀ2QF2 + nλI and
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(2.15) results by pre-multiplying by F2 and using (2.10). Similarly we can obtain d by pre-
multiplying the second equation in (2.7) by F ᵀ1 in the following way:
F ᵀ1Qc + nλF
ᵀ
1 c + F
ᵀ
1 Sd = F
ᵀ
1 y
F ᵀ1Qc + F
ᵀ
1 Sd = F
ᵀ
1 y (2.16)
F ᵀ1 Sd = F
ᵀ
1 y − F ᵀ1Qc (2.17)
R˜d = F ᵀ1 y − F ᵀ1Qc (2.18)
d = R˜−1F ᵀ1 (y −Qc) (2.19)
where equation (2.16) follows from (2.9), (2.17) and (2.19) are the result of simple algebra and
(2.18) is obtained using equation (2.8) and F ᵀ1 F1 = In. Therefore, we find that
cˆ = F2 (F
ᵀ
2QF2 + nλI)
−1
F ᵀ2 y
dˆ = R˜−1F ᵀ1 (y −Qc) .
(2.20)
The minimizer ηˆ to (1.1) is then ηˆ(x) = ψ(x)ᵀdˆ + ξ(x)ᵀcˆ, (2.3). Denoting the fitted values by
yˆ := ηˆ(x) some algebra leads to
yˆ = Sdˆ +Qcˆ
=
(
F1F
ᵀ
1 + F2F
ᵀ
2QF2 (F
ᵀ
2QF2 + nλI)
−1
F ᵀ2
)
y
=
(
I − F2
(
I − F ᵀ2QF2 (F ᵀ2QF2 + nλI)−1
)
F ᵀ2
)
y
=
(
I − nλF2 (F ᵀ2QF2 + nλI)−1 F ᵀ2
)
y.
The symmetric matrix
A(λ) = I − nλF2 (F ᵀ2QF2 + nλI)−1 F ᵀ2 (2.21)
is the smoothing matrix associated with the minimization problem (1.1). The expression for
A(λ) depends on {θi}pi=1 defined in (2.2) and hidden in Q, but to simplify notation, we omit
this dependence. The smoothing matrix can be alternatively written (Corollary 55) as
A(λ) = I − nλM−1
(
I − S (SᵀM−1S)−1 SᵀM−1) , (2.22)
where M = Q+ nλI. Expressions (2.21) and (2.22) will come in handy in the next sections.
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2.1 Non-Parametric Regression Models
In this section we discuss various non-parametric estimation approaches for non-parametric
regression models. We provide some theoretical background and implementation practices in
the following sub-sections.
2.1.1 Thin plate splines
Thin plate splines are the generalization of cubic splines to any dimensions and can be used
to obtain a smooth estimate of a surface by data interpolation and smoothing. In particular,
they can be applied within the framework described in Section 2.
Define a semi-inner product (Wahba and Wendelberger (1980)) J dm in the space of functions
Rd → R where it can be finitely computed as:
J dm(η, ζ) :=
∑
α1+···+αd=m
m!
α1! · · ·αd!
∫
Rd
(
∂mη
∂xα11 · · · ∂xαdd
)(
∂mζ
∂xα11 · · · ∂xαdd
)
dx1 · · · dxd. (2.23)
The objective is to estimate η by minimizing the criterion (2.1) for X = (−∞,∞)d subject to
the penalty J (η) = J dm(η, η) = J
d
m(η) which can be written as
J dm(η) :=
∑
α1+···+αd=m
m!
α1! · · ·αd!
∫
Rd
(
∂mη
∂xα11 · · · ∂xαdd
)2
dx1 · · · dxd, (2.24)
and H = {η : X→ R|J dm(η) <∞}. For η to be in H we have to be able to compute J dm(η). By
Lemma (67), the null space NJdm :=
{
f ∈ H : J dm(f) = 0
}
of J dm consists of polynomials in d
variables of order up to m− 1 and is of finite dimension l = (d+m−1d ). In order for [x] : H → R
and x ∈ X defined as [x]f := f(x) to be continuous, we need that 2m > d in H Duchon (1977);
Meinguet (1979), and thus H is a RKHS . In this context, J dm is a square semi norm (Lemma
(68)) and hence H	 NJdm is a RKHS . Another property of the thin plate splines is that they
are invariant to translations, rotations and contractions; interpolation on the contracted set
{λx : x ∈ A,A ⊂ X} is equivalent to interpolating in A and then applying the transformation
x→ λx (Lemma (69)).
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Example 1
When the domain X = R (d = 1), the minimization criterion (1.1) with penalty (2.24) corre-
sponds to the minimization of
n∑
i=1
(yi − η(Xi))2 + nλ
∫ ∞
−∞
{
η(m)(x)
}2
dx.
For m = 1 the penalty corresponds to linear splines, and when m = 2, we obtain the cubic
smoothing splines (Reinsch (1967); Craven and Wahba (1978); Ruppert et al. (2003)). It is
possible to penalize any derivative as long as 2m > d.
The existence and uniqueness of the minimum of the functional (2.1) for the thin plate splines
follows from Propositions (48), (49) and Theorem 50. By Proposition (48) we have that∑n
i=1 (yi − η(xi))2 is a continuous and convex functional in H; J dm is a square semi-norm with
finite null space;
∑n
i=1 (yi − η(xi))2 has a unique minimizer in NJdm , the least squares estimator
when η is a polynomial in d covariates with degree ≤ m − 1. By Theorem 50, the functional
(2.1) has a minimizer in H. By Proposition (48), if S is of full column rank and λ > 0 then (2.1)
is strictly convex, and using Proposition (49) we conclude that (2.1) has a unique minimizer in
the context of the thin plate splines.
One of the versions of the Representer Theorem (Theorem 52; Kimeldorf and Wahba (1971);
Wahba and Wendelberger (1980); Scho¨lkopf et al. (2001)), states that ηλ has the expression
(2.3) where {ψi}li=1 is a basis for NJdm .
Example 2 An example of a basis for NJdm with m = 3 and d = 2 is the set of polynomials
ψ1(x1, x2) = 1, ψ3(x1, x2) = x2 ψ5(x1, x2) = x
2
1,
ψ2(x1, x2) = x1, ψ4(x1, x2) = x1x2, ψ6(x1, x2) = x
2
2,
where x1, x2 ∈ R.
In the setting of Theorem 52, RJdm is the reproducing kernel of H 	 NJdm . In the context of
Section 2, {ci}ni=1 ⊂ R are chosen so that Sᵀc = 0 and S is the matrix with (j, i)th entry ψi(xj).
Two limitations of thin plate splines are mentioned by Barry et al. (1986). First, the Bayes
fitting method with such splines involves a complicated prior covariance function. Second, the
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use of a single smoothing parameter λ suggests that the function under estimation is equally
smooth in every direction of the domain, an unrealistic assumption. Wahba (1981) suggest a
solution that consists in letting the roughness penalty for η to depend on two covariates:
J (η) =
∫
R2
[(
∂2η
∂x21
)2
+ 2θ
(
∂2η
∂x1∂x2
)2
+ θ2
(
∂2η
∂x22
)2]
dx1dx2. (2.25)
Unfortunately, the penalty (2.25) is no longer invariant to rotation.
2.1.1.1 Reproducing kernel for thin plate splines
The Representer Theorem (Theorem 52) states that the solution to the minimization prob-
lem (1.1) is a linear combination of a basis of the null space NJdm and functions defined in terms
of the reproducing kernel RJdm and the sampling points {xi}ni=1. The reproducing kernel is also
used in the context of tensor thin plate splines (Section 2.1.2). We use the reproducing kernel
in Section 2.1.3 to help us express (2.4) as a linear mixed model. Finally, the reproducing
kernel appears again in the posterior distributions that arise when we estimate the coefficients
in the thin plate splines within a Bayesian framework in Section 3. In this Section, we give an
expression for the reproducing kernel.
First we present the radial basis functions introduced by Wahba and Wendelberger (1980).
Denote the euclidean norm as ‖·‖ and
Em,d(r) =

θm,dr
2m−d log(r), d even, for θm,d =
(−1)d/2+m+1
22m−1pid/2(m−1)!(m−d/2)! ,
θm,dr
2m−d, d odd, for θm,d =
Γ(d/2−m)
22mpid/2(m−1)!
(2.26)
so that for a training set {(xi, yi)}ni=1, a radial basis is {Em,d‖ · −Xi‖}ni=1.
Second we need a reproducing kernel in the null space of J , NJdm :=
{
η ∈ H|J dm(η) = 0
}
which is a complete linear space by Theorem 58. In order to describe the structure of RKHS
for NJdm , we need an inner product: for some N ∈ N, {ui}
N
i=1 ⊂ Rd , {pi}Ni=1 ⊂ R with pi > 0
and
∑N
i=1 pi = 1 define
(η, ζ)0 =
N∑
i=1
piη(ui).ζ(ui). (2.27)
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By Lemma 67 and Proposition 59, {ui}Ni=1 and {pi}Ni=1 are such that the matrix with (i, j)th
entry (ψi, ψj)0 is non-singular, where {ψi}ji=1 a fixed basis of NJdm . These assumptions are
sufficient for NJdm to be a RKHS with (2.27) the inner product in NJdm .
In order to find and compute the reproducing kernel R0 ofNJdm with inner product (2.27), we
need an orthonormal basis {φi}li=1 ⊂ NJdm with φ1(x) = 1. By the Gram-Schimdt normalization
(Hoffman and Kunze (1990); Golub and Van Loan (2012)), given {ψi}li=1 a set of polynomials
that span NJdm , we can transform them and find such orthonormal basis. Explicit expressions
for and an example of orthonormal basis {φi}li=1 are given in Proposition 62. The reproducing
kernel in NJdm by Proposition 59 is then
R0(x, y) =
l∑
i=1
φi(x)φi(y). (2.28)
Given the inner product (2.27) (or the choices of {ui}Ni=1 and {pi}Ni=1), any orthonormal basis
will lead to the same R0 by Theorem 56, which states that the reproducing kernel is unique
provided it exists.
We now present the projection of f ∈ H onto NJ since we need it for the reproducing kernel
of H 	NJdm . Let η ∈ H = NJdm
⊕(H	NJdm) or equivalently η = η0 + η1 with η0 ∈ NJ and
η1 ∈ H 	NJdm for unique η0 and η1 (existence and uniqueness is ensured by Theorem 47), the
projection of η onto NJ is by definition Pη = η0. By Proposition 60, the projection of η ∈ H
onto is NJdm is
(Pf) (x) =
l∑
ν=1
(f, φν)0 φν(x). (2.29)
Define now the bi-linear form R1 as
R1(x,y) =
(
I − P(x)
) (
I − P(y)
)
E (‖x− y‖) , (2.30)
where I is the identity operator and P(x) and P(y) are the projection operators defined by
applying (2.29) to the arguments x and y, while E is given by (2.26). By Proposition 61,
R1 is the reproducing kernel of H 	 NJ with inner product J dm. R1 is symmetric by the
properties of ‖·‖ and the projections. To show that R1 is non-negative definite we need to show
that J dm (R1(x, ·), R1(y, ·)) = R1(x, y). The reproducing property J dm ((I − P )f,R1(x, ·)) =
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(I − P )f(x) for f ∈ H is more challenging to demonstrate; the idea of the proof is given in
Proposition 61.
While it seems at first sight that R1 depends on the choice of {ui}Ni=1 and {pi}Ni=1 this is
not the case. Note that (2.30) is a function of {ui}Ni=1 and {pi}Ni=1 only through the projection
(2.29). By Theorem 47 the projection onto NJdm is unique and in consequence the operator P
is invariant to the representation of (2.27). For computational reasons we set N = n, ui = xi
and pi = 1/n as it is explained in Section 2.1.1.2.
2.1.1.2 Computation of reproducing kernel R1 for thin plate splines
In this Section, we derive an expression for the L1×L2 matrix with (i, j)th entry R1(xi,yj)
for {xi}L1i=1, {zi}L2i=1 ⊂ X. Let x, z ∈ X and {ui}Ni=1 ⊂ X, {pi}Ni=1 ⊂ R with properties listed in
Section 2.1.1.1. We first expand R1:
R1(x, z) =
(
I − P(x)
) (
I − P(z)
)
E (‖x− z‖)
=
(
I − P(x)
){
E (‖x− z‖)−
l∑
ν=1
N∑
i=1
piE (‖x− ui‖)φν(ui)φν(z)
}
= E (‖x− z‖) (2.31)
−
l∑
ν=1
N∑
i=1
piE (‖x− ui‖)φν(ui)φν(z) (2.32)
−
l∑
ν=1
N∑
i=1
piE (‖z− ui‖)φν(ui)φν(x) (2.33)
+
l∑
ν=1
l∑
µ=1
φν(x)φµ(z)
N∑
i=1
N∑
j=1
pipjφν(ui)φµ(uj)E (‖ui − uj‖) . (2.34)
The term (2.32) can be written as
−

E (‖x− u1‖)
E (‖x− u2‖)
...
E (‖x− uN‖)

ᵀ
p1φ1(u1) · · · p1φl(u1)
p2φ1(u2) · · · p2φl(u2)
...
. . .
...
pNφ1(uN ) · · · pNφl(uN )


φ1(z)
φ2(z)
...
φl(z)

, (2.35)
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the term (2.33) can be written as
−

φ1(x)
φ2(x)
...
φl(x)

ᵀ
p1φ1(u1) · · · pNφ1(uN )
p1φ2(u1) · · · pNφ2(uN )
...
. . .
...
p1φl(u1) · · · pNφl(uN )


E (‖z− u1‖)
E (‖z− u2‖)
...
E (‖z− uN‖)

, (2.36)
and the term (2.34) can be written as

φ1(x)
φ2(x)
.
.
.
φl(x)

ᵀ 
p1φ1(u1) · · · pNφ1(uN )
p1φ2(u1) · · · pNφ2(uN )
.
.
.
.
.
.
.
.
.
p1φl(u1) · · · pNφl(uN )


E (‖u1 − u1‖) · · · E (‖u1 − uN‖)
E (‖u2 − u1‖) · · · E (‖u2 − uN‖)
.
.
.
.
.
.
.
.
.
E (‖uN − u1‖) · · · E (‖uN − uN‖)


p1φ1(u1) · · · p1φl(u1)
p2φ1(u2) · · · p2φl(u2)
.
.
.
.
.
.
.
.
.
pNφ1(uN ) · · · pNφl(uN )


φ1(z)
φ2(z)
.
.
.
φl(z)

.
(2.37)
Therefore, putting it all together, we can write the L1×L2 matrix with (i, j)th entry R1(xi, zj)
for xi, zj ∈ X as
(R1 (xi, zj)) i = 1, · · · , L1
j = 1, · · · , L2
= Kxz −KxuA1Aᵀ3 −A2Aᵀ1Kuz +A2Aᵀ1KuuA1Aᵀ3, (2.38)
where
Kxz =

E (‖x1 − z1‖) E (‖x1 − z2‖) · · · E (‖x1 − zL2‖)
E (‖x2 − z1‖) E (‖x2 − z2‖) · · · E (‖x2 − zL2‖)
...
...
. . .
...
E (‖xL1 − z1‖) E (‖xL1 − z2‖) · · · E (‖xL1 − zL2‖)

Kxu =

E (‖x1 − u1‖) E (‖x1 − u2‖) · · · E (‖x1 − uN‖)
E (‖x2 − u1‖) E (‖x2 − u2‖) · · · E (‖x2 − uN‖)
...
...
. . .
...
E (‖xL1 − u1‖) E (‖xL1 − u2‖) · · · E (‖xL1 − uN‖)

Kuz =

E (‖u1 − z1‖) E (‖u1 − z2‖) · · · E (‖u1 − zL2‖)
E (‖u2 − z1‖) E (‖u2 − z2‖) · · · E (‖u2 − zL2‖)
...
...
. . .
...
E (‖uN − z1‖) E (‖uN − z2‖) · · · E (‖uN − zL2‖)

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Kuu =

E (‖u1 − u1‖) E (‖u1 − u2‖) · · · E (‖u1 − uN‖)
E (‖u2 − u1‖) E (‖u2 − u2‖) · · · E (‖u2 − uN‖)
...
...
. . .
...
E (‖uN − u1‖) E (‖uN − u2‖) · · · E (‖uN − uN‖)

A1 =

p1φ1(u1) p1φ2(u1) · · · p1φl(u1)
p2φ1(u2) p2φ2(u2) · · · p2φl(u2)
...
...
. . .
...
pNφ1(uN ) pNφ2(uN ) · · · pNφl(uN )

A2 =

φ1(x1) φ2(x1) · · · φl(x1)
φ1(x2) φ2(x2) · · · φl(x2)
...
...
. . .
...
φ1(xL1) φ2(xL1) · · · φl(xL1)

A3 =

φ1(z1) φ2(z1) · · · φl(z1)
φ1(z2) φ2(z2) · · · φl(z2)
...
...
. . .
...
φ1(zL2) φ2(zL2) · · · φl(zL2)

.
The matrices A1, A2 and A3 require that we evaluate the orthonormal (per (2.27)) basis
{φi}li=1. One approach to compute the matrix Φi,j = φj(xi) is to use Proposition 62 which
uses the matrix Ψi,j = ψj(xi) , with {ψi}li=1 any basis of NJdm . For N = n, ui = xi and
pi = 1/n, Proposition 62 states that given the QR-decomposition of Ψ = (F1 F2)
(
R
0
)
= F1R
we can write φi =
√
n
∑l
j=1 (R
−ᵀ)i,j ψj and in particular Φ =
√
nF1.
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2.1.2 Tensor product splines using thin plate splines as marginals
The idea of the tensor product smoothing splines was first described by Barry et al. (1986)
and Wahba (1987) while other advances on the topic since then are in (Gu and Wahba (1993a,b);
Chen (1993); Barry et al. (1986); Gu (2013)). The tensor product smoothing splines is a way
to construct a RKHS of (in particular but not restricted to) real functions over the product
space
∏L
i=1Xi, which is achieved through the tensor product of the RKHS’s {H(i)}Li=1 of real
functions, each of them over the domains {Xi}Li=1. For example, the thin plate splines from
Section 2.1.1 may be used to define each of the H(i) as spaces of real functions of one covariate.
The construction of the tensor product of RKHS’s follows from Theorems 56 and 63. The-
orem 56 states that one may completely describe a RKHS over a domain X simply by spec-
ifying a non-negative definite function on X × X; Theorem 63 provides the means to spec-
ify a non-negative definite function on
∏L
i=1Xi as the product of the reproducing kernels
R(x, y) :=
∏L
i=1R(i)(x(i), y(i)), where x(i) ∈ Xi denotes the ith coordinate of x ∈ X.
The RKHS H corresponding to R is the tensor product space of H(1), H(2), · · · and H(L)
and is denoted as H = ⊗Li=1H(i).
If, furthermore, each of the reproducing kernels has a direct sum decomposition of the form
H(i) = H0 (i)
⊕H1 (i) where H0 (i) = R has a reproducing kernel R0 (i) ∝ 1 and H1 (i) has a
reproducing kernel R1 (i), an averaging operator Ai is required by identifiability reasons and
the condition AiR1 (i)(x(i), ·) = 0 ∀x(i) ∈ Xi is needs to be satisfied (Gu (2013)). Then the
tensor product space can be re written as
H =
L⊗
i=1
(
H0 (i)
⊕
H1 (i)
)
=
⊕
S∈2{1,...,L}
{(⊗
i/∈S
H0 (i)
)⊗(⊗
i∈S
H1 (i)
)}
=
⊕
S∈2{1,...,L}
HS .
(2.39)
Each of the spaces HS has reproducing kernel RS ∝
∏
i∈S R1 (i) by Theorem 63, and the
reproducing kernel of (2.39) by Theorem 56 would be of the form
RJ =
∑
S∈2{1,...,L}
RS , (2.40)
but allowing for re-scaling using {θS} ∈ R no negatives, we may take
RK =
∑
S∈2{1,...,L}
θSRS ,
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which, by Theorems 56 and 63, RK is a reproducing kernel in the RKHS (2.39) with its
respective inner product K .
The minimizer of (2.1), allowing K to be a semi-inner product in the tensor product spline
H, is called tensor product smoothing spline and the marginals are the spaces H(i). This is the
setting for the minimization problem described with expressions (2.1) and penalty (2.2) with
p > 1.
2.1.3 Linear mixed model as interpretation for the solution of the penalized least
squares minimization problem
Robinson (1991) presents results for the estimation of the BLUP for linear mixed models
in the frequentist setting. There are different ways to arrive at a BLUP in the mixed model
context. Below, we describe the solution proposed by Henderson (Henderson (1950, 1973)) and
discussed by Robinson. Consider the model
y|d, c, e = V d + Zc + e, (2.41)
where y ∈ Mn×1(R) is column vector of observable responses, d is a vector of l unknown
fixed parameters, V ∈ Mn×l(R) is a known, full column rank matrix, and Z ∈ Mn×n(R) is
a known, symmetric matrix. The vectors c ∈ Mn×1(R), e ∈ Mn×1(R) are non observable
random variables such that  c
e
 ∼N
0,
 σ2cG 0
0 σ2eR

 (2.42)
where G ∈ Mn×n(R) and R ∈ Mn×n(R) are known positive definite matrices, and σe > 0
and σc > 0 are fixed parameters which may be unknown but for which we can obtain unbiased
estimates σˆ2c and σˆ
2
e (σˆ
2
c , and σˆ
2
e are not needed for this thesis). A well-known result is that dˆ
cˆ
 = arg min
d,c
(y − V d + Zc)ᵀ R−1 (y − V d + Zc) + σ
2
e
σ2c
cᵀG−1c, (2.43)
where the BLUP solution can be written as dˆ
cˆ
 = (CᵀR−1C +B)−1CᵀR−1y. (2.44)
20
Here, C = [V Z] is the matrix formed by stacking together the columns of V and Z and
B =
 0 0
0 σ
2
e
σ2c
G−1
 .
Note that expression (2.4) from the penalized least square minimization is similar to (2.43) if
we choose V = S and Z = Q from Section 2, G = Q+ (definition 32), R = In and nλ =
σ2e
σ2c
. In
this case, we see by (2.44) that the following expression has to be invertible:
CᵀR−1C +B =
 SᵀS SᵀQ
QS QQ+ σ
2
e
σ2c
Q
 . (2.45)
Expression (2.45) is not invertible in our context because Q is not necessarily invertible: if
(2.45) was invertible we would have that (2.5) has a unique solution, but we have established
that it does not have a unique solution, at least in the case of the thin plate splines and tensor
thin plate splines.
To get around the fact that (2.45) is not invertible, consider a radial basis {Em,d‖· − xi‖}ni=1
from (2.26) instead of the full expression (2.30). The matrix Z now has Zi,j = Em,d‖xi − xj‖,
but V = S as in the thin plate splines, where Sij = ψj(xi), ψi an element of a fixed basis for
the polynomials in d covariates and degree smaller than m. Ruppert et al. (2003) uses this
model as a first step to estimate η in (1.1) which implies that J is no longer (2.23).
Even if the inverse of
CᵀR−1C +B =
 SᵀS SᵀZ
ZS ZZ + σ
2
e
σ2c
Z

exists, the choice G = Z−1 expressions (2.41), (2.42) do not identify a proper model because
Cov(Zc) = σ2cZ and Z is symmetric but not positive definite. An approximation to the solution
can be obtained by changing the co-variance of c to Cov(c) = σ2cZ
− 1
2
(
Z−
1
2
)ᵀ
, where Z−
1
2 is
the inverse square root matrix of Z defined using its singular value decomposition (definition
33); the co-variance of c is represented in this way with a positive definite matrix if Z is full
column rank, and with a semi positive definite matrix if Z is not full column rank.
The final model to approximate the solution of (1.1) through (2.4) with a linear mixed
model can be achieved with the change of variables Z? = ZZ−
1
2 = Z
1
2 , so that
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y|c, e = Sd + Z?c + e, c
e
 ∼N
0,
 σ2c Ik 0
0 σ2eIn

 , (2.46)
and where (using (2.44)): dˆ?
cˆ?
 =
[S Z?]ᵀ [S Z?] +
 0l×l 0l×n
0n×l
σ2e
σ2c
In×n


−1
[S Z?]ᵀ y. (2.47)
The advantage of this interpretation of a solution to the penalized least square (1.1) through
(2.3) is that the smoothing parameter λ can be estimated as the ratio of two variance compo-
nents if {θi}pi=1 are given, estimations are provided or p = 1 and the only smoothing parameter
is λ. The variance components can be estimated using different approaches and we revisit this
topic in 3.2.3. In 2.3 we discuss three different approaches to select λ and {θi}pi=1.
2.2 Efficient Approximated Solution to the Non-Parametric Regression
Problem
Section 2.2.1 describes the approximation to the solution of the penalized least square
minimization problem (1.1) proposed by Gu and Kim (2002) and expanded in Kim and Gu
(2004); in Section 2.2.2 we explain an adaptation of the Linear Mixed Model interpretation
from Section 2.1.3.
2.2.1 Smoothing splines
Kim and Gu 2004 approach the problem of penalized likelihood regression in a general way
that includes a variety of link functions for exponential families. They propose an approximated
solution to the regression problem, which lies in a lower dimensional space of functions. They
show that the approximated solution has the same asymptotic convergence rate as the exact
solution, but computations are of order O(kn2), k << n rather than order O(n3). Hence,
this approximation allows the implementation of much faster numerical algorithms. For the
approximation, it is assumed that a set of knots {zi}ki=1 ⊂ X := {xi}ni=1 ⊂ X with the same
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limiting density as X is given. A small number of knots k is preferred for computational
efficiency but k too small may decrease the statistical performance. Section 2.2.3 includes an
empirical rule for the selection of k and a discussion of the algorithm that we adopt here to
choose the knots.
As explained in Section 2, the solution to the penalized least square regression (1.1) is of
the form (2.3). Gu and Kim (2002) approximate the solution by minimizing (2.1) in the space
H? = NJ
⊕
span{RJ (zi, ·), i = 1, ..., k}. (2.48)
Analogously to (2.3), any functions η ∈ H? can be written as
η (x) =
l∑
i=1
diψi (x) +
k∑
i=1
ciRJ (zi,x)
= ψ(x)ᵀd + ξ?(x)ᵀc
(2.49)
with {ψν}lν=1 being a basis of NJ and
d = (d1 · · · dl)ᵀ, di ∈ R
c = (c1 · · · ck)ᵀ, ci ∈ R
ψ(x) = (ψ1(x) · · · ψl(x))ᵀ
ξ?(x) = (RJ (z1,x) · · · RJ (zk,x))ᵀ .
A similar expression to (2.4) can be obtained as well by plugging in (2.49) to (2.1) and using
the reproducing kernel property as stated in Proposition 53; the subsequent expression (2.50)
is obtained as
(y − Sd−Rc)ᵀ(y − Sd−Rc) + nλcᵀQc, (2.50)
where R ∈Mn×k(R) with (i, j)th entry RJ (xi, zj), Q ∈Mk×k(R) with (i, j)th entry RJ (zi, zj)
and S ∈ Mn×l(R) with (i, j)th entry ψj(xi). Finally, similarly to (2.5) using now Lemma 64,
the solutions to the linear system SᵀS SᵀR
RᵀS RᵀR+ nλQ

 d
c
 =
 Sᵀy
Rᵀy
 (2.51)
provide the function in H? that minimizes (2.1). The solutions to (2.51) permit finding the
inflection points of (2.1) in H? but in order to prove that some of these are minimums we need
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to assume that S is of full column rank as explained next. Observe that span{RJ (zi)}ki=1 is a
closed subspace of NJ 	H and furthermore it is a Hilbert space with the same inner product J
and same reproducing kernel R1 as NJ	H. By Proposition 48, the functional
∑n
i=1(yi−η(xi))2
is continuous and convex in H? and when S is of full column rank, the convexity is strict in
NJ and the functional then has a minimizer in this space. Theorem 50 states that a solution
to (1.1) exists in H? as long as ∑ni=1(yi− η(xi))2 has a minimizer in NJ . Proposition 48 states
that (2.1) is strictly convex in H? when S is of full column rank and by Proposition 49, (2.1)
has a unique minimizer in H?. Then if S is full column rank, a solution to (2.51) will lead to
the unique solution to (1.1) in H? through (2.49). Even when there were multiple solutions to
(2.51), they yield the same η ∈ H?. In practice, a solution to (2.51) is chosen as described in
Section 3 (Theorems 5 and 6); it will appear in a Bayesian setting as the mean of a posterior
distribution.
2.2.2 Linear mixed model interpretation as an approximate solution to the pe-
nalized least squares minimization problem
We adopt the same notation as in Section 2.2.1. Here, we want to use form (2.49) of η, and
taking advantage of the fact that the minimizing expression (2.50) leads to a point estimate
of the solution of (1.1) in the space H?, propose a linear mixed model interpretation as in the
Section 2.1.3.
Following the arguments of Section 2.1.3, we can minimize an expression similar to (2.50): dˆ
cˆ
 = arg min
d,c
(y − Sd + Uc)ᵀ (y − Sd + Uc) + σ
2
e
σ2c
cᵀV c, (2.52)
for Si,j = φj(xi) (based on basis {φi}li=1 ofNJdm), Ui,j = Em,d‖xi − zj‖, and Vi,j = Em,d‖zi − zj‖.
Then, for the response model given by
y|d, c, e = Sd + Uc + e c
e
 ∼Nn+k
0,
 σ2cV −1/2 (V −1/2)ᵀ 0
0 σ2eIn×n

 ,
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the BLUP solution to (2.52) is given by dˆ
cˆ
 =
[S U ]ᵀ [S U ] + σ
2
e
σ2c
 0l×l 0l×n
0n×l V −1


−1
[S U ]ᵀ Y. (2.53)
as described in Section 2.1.3.
2.2.3 Knots for approximated solution
In Section 2.2, we assume that a set of knots {zi}ki=1 is given. In this section we describe
how we choose the number k of knots as well as their location. We adopt one of the methods
that have been proposed in the literature.
According to Ruppert et al. (2003) and Ruppert (2012), in penalized regression, the smooth-
ing is mainly controlled by the penalty term (2.2) and the smoothing parameters λ and {θi}ki=1,
so that number of knots is not a crucial parameter. A good choice for k is such that k is suf-
ficiently large relative to the sample size, but not so large to require excessive computation
time. Kim and Gu (2004) suggest an approach to select k based on the convergence rates of
the approximated and exact solutions to the minimization problem. These rates depend on
the smoothness of the link function η to be estimated. Kim and Gu (2004) consider random
subsets {zi}ki=1 of {xi}ni=1 and show that with k ≈ n
2
pr+1
+
for some r > 1, p ∈ [1, 2] and for any
 > 0, the convergence rates of the two solutions are the same. They conclude, via simulation,
that in practice the choice k = an
2
9 for a ∈ {5, ..., 15}, a = 7, 8 may suffice. For the simulation
study we describe in Section 3.3, we use k = bmax{30, 10n2/9}c.
We hypothesize that instead of taking random subsets {zi}ki=1 ⊂ {xi}ni=1, the knots could
be chosen to mimic the distribution of the sample {xi}ni=1. For example in the univariate case
d = 1, {zi}ki=1 may be chosen to be k equally spaced empirical quantiles of {xi}ni=1. In this
case, we may have that the approximated solution from Section 2.2, even when the asymptotic
convergence rate from Kim and Gu (2004) does not change.
In addition to Kim and Gu (2004), several other authors have proposed algorithms to select
knots. Examples are (Royle and Nychka (1998); Wood (2003); Ruppert (2012); Spiriti et al.
(2013)). We use the algorithm in (Royle and Nychka (1998)) and implemented in the package
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fields (Bia et al. (2014), Douglas Nychka et al. (2015)). The criterion for knot selection in
(Royle and Nychka (1998)) is as follows. If X = {xi}ni=1 ⊂ Rd is the full sample set, given
a finite candidate set of knots D ⊂ Rd with dk ⊂ D a subset of size k, define the function
∆ : {dk|dk ⊂ D, ‖dk‖ = k} → R as
∆(X,D; dk) =
∑
x∈X
(∑
z∈dk
‖x− z‖α
) β
α

1
β
,
where ‖·‖ is a norm in Rd and α < 0 and β > 0; we take the euclidean norm and −α = β = 2.
The criterion ∆ measures a type of average of how well the design dk covers each of the points
xi ∈ X. The knots may be chosen as {zi}ki=1 = arg mindk∈D ∆(X,D; dk).
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Figure 2.1 Example of the space filling location algorithm used to choose the knots from
(Royle and Nychka (1998)). Observe that observations at the boundaries were
chosen as knots.
In Chapter 3 and Section 5.2 we use this minimization scheme taking D = X. In Chapter
4 and Section 5.3, where we do not observe X = {xi}ni=1, but instead observe a contaminated
labeled sample {(wi1, · · ·winw)}ni=1, we take D = {w¯i·}ni=1. Figure 2.1 shows an example of the
knots that are chosen with this algorithm using simulated points {xi}ni=1.
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2.2.4 Degree of smoothness for the thin plate spline and tensor thin plate splines
The penalty J dm, (2.24), for the minimization problem (1.1) in the thin plate spline setting
has a free parameter m, which controls the smoothness of the target function η : Rd → R, e.g.,
for d = 2, the value m = 2 corresponds in some sense to the prior belief that∫
R2
[(
∂2η
∂x21
)2
+ 2
(
∂2η
∂x1∂x2
)2
+
(
∂2η
∂x22
)2]
dx1dx2,
is small; or in the case d = 1 and m = 2 correspond to the prior belief that
∫
η(2)(x)dx is small.
We can determine an optimal value for m, using an algorithm that minimizes predictive mean
squared error, and that can be implemented via generalized cross validation as in (Camber
(1979)) or (Wahba and Wendelberger (1980)). Here, we just assume that the value m is known
or, for the simulation studies in Sections 3.3 and 4.4, we consider a range of values for m.
2.3 Selection of Smoothing Parameters
The estimated function obtained through (2.3)- (2.4) with explicit representer given by
(2.20), depends on smoothing parameters λ and θ′is . These parameters control the trade off
between smoothness of the solution to (1.1) and how well the solution describes the data as
measured by the quadratic loss function. Figure 2.2 shows three examples of the solution to
(1.1) with different values of λ. A large value of λ leads to a solution close to a linear regression,
while λ too small leads to a solution to (1.1) that interpolates the training set. Appropriate
selection of the smoothing parameter is necessary.
In this section, we summarize four methods to approach the problem of choosing appropriate
smoothing parameters. The first three methods were proposed in (Mallows (1973); Wahba and
Craven (1978); Wahba (1985); Li (1986)). Such methods are based on the minimization of
score functions that represent, for fixed λ and {θi}pi=1, the performance (or approximation
to the performance) of the estimator ηλ,θ′s (ηλ for simplicity) obtained from a training set
{xi, yi}ni=1. The fourth approach is based on a linear mixed model interpretation of expression
(2.4) as was described in Section 2.1.3.
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Figure 2.2 Basic example of the solution for the penalized least square minimization with
different values of λ and p = 1, θ1 = 1. A value of λ too large provides a huge
weight to the penalty term in (2.1) and decreases the effort of the solution to
describe the data, resulting in a straight line which is the characteristic of an over
smoothed solution. A value of λ too small increases the effort of the solution to the
minimization problem to describe the data, leading to a solution that interpolates
data points but at the cost of losing smoothness.
2.3.1 Unbiased estimate of relative loss
The content in this section appeared first in (Mallows (1973)) in the context of ridge re-
gression. The performance of ηλ is assessed with the loss function L : R+ → R defined as
L(λ) =
1
n
n∑
i=1
(ηλ(xi)− η(xi))2 . (2.54)
By Theorem (50), the solution of (1.1) exists and is unique, hence there is not ambiguity in
the definition of L; L is a continuous function because the minimization of (2.1) is obtained
through the solution of linear equations (2.51) which is a continuous process (small changes
in the value of λ leads to small changes in the solution to (2.51)); L can take on arbitrarily
small values when λ is small; for λ fixed,
∑n
i=1 (ai − η(xi))2, as a multivariate function of the
vectors (a1, · · · , an) is convex, hence there is a vector (b1, · · · bn) that minimizes it; therefore,
by continuity of L, because L can take values as close to 0 as desired, there must exist λ0 (and
θi0 ’s) that minimizes (2.54) with (ηλ0(x1), ·, ηλ0(xn)) = (b1, · · · bn); more details in (Kurdila
28
and Zabarankin (2006)). A good choice for λ, given the observed data (xi, yi)
n
i=1, would be the
one that minimizes L.
Since we cannot compute (2.54) in practice, Mallows (1973) suggested approximating the
relative loss L(λ) with
U(λ) = 1
n
yᵀ (I −A(λ))2 y + 2σ
2
n
trA(λ), (2.55)
where y = (y1 y2 · · · yn)ᵀ,  = (1 2 · · · n)ᵀ with E(i) = 0, V ar(i) = σ2 and {i}ni=1 are
independent with bounded fourth moment. It can be shown (Gu, 2013, pag. 65) under the
following mild condition
Condition 3 lim λ→0
n→∞
nE (L(λ)) =∞
that (2.55) is an unbiased estimator of the relative loss L + n−1ᵀ in the sense
U(λ)− L(λ)− n−1ᵀ = op(L(λ)),
where op is defined in Definition 45. Since n
−1ᵀ does not depend on λ, U(λ) tracks L(λ)
closely. Observe that the minimizers λu of U(λ) and λL of L(λ) are stochastic. A formal
justification for the approximation of U(λ) to L(λ) can be found in (Li (1986)).
Nevertheless, this method requires knowledge of the true value of σ2. At least, we need a
consistent estimator of σ2 to plug into (2.55). Even with this disadvantage over other methods
for choosing λ, U can be used in combination with a Bayesian approach as we describe in
Chapter 3. The minimizer λu of (2.55) is called the Unbiased Estimator of Relative Loss
(UERL).
2.3.2 Generalized cross validation
Cross validation techniques can be used as a strategy for choosing a good smoothing pa-
rameter λ using the observed realizations {(xi, yi)}ni=1. In this case, we want to minimize
V0(λ) =
1
n
n∑
i=1
(
η
[i]
λ (xi)− yi
)2
where η
[l]
λ is the minimizer of the functional
1
n
∑
i 6=l
(yi − η(xi))2 + λJ (η). (2.56)
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As in (Gu (2013)), it is not necessary to solve (2.56) n times; instead, the delete-one operation
can be carried out analytically and it can be shown that
V0(λ) =
1
n
n∑
i=1
(yi − ηλ(xi))2
(1− ai,i(λ))2 , (2.57)
where ai,i(λ) is the (i, i)th entry of A(λ) (equations (2.21) and (2.22)). Since typically, sampling
points contribute unequally to the estimation of η, (Li (1986)) we can use a weighted version
of V0 such as
V1(λ) =
1
n
n∑
i=1
ωi
(yi − ηλ(xi))2
(1− ai,i(λ))2 .
with weights {ωi}ni=1. If ωi = n2 (1−ai,i(λ))
2
tr(I−A(λ))2 is chosen, a generalized cross validation score is
obtained (Wahba and Craven (1978); Li (1986); Gu (2013)) as
V (λ) =
n−1yᵀ (I −A(λ))2 y
{n−1tr (I −A(λ))}2 . (2.58)
Under condition (3) and the following condition
Condition 4 lim λ→0
n→∞
{n−1trA(λ)}2
n−1trA2(λ) = 0
we can prove (Li, 1986, Proposition 3.1) that V (λ) is a consistent estimator of the relative loss
(2.54) such that L(λv)/L(λ0) = 1 + o(1), where λ0 is the minimizer of (2.54) and λv is the
minimizer of V . Even with the asymptotic behavior of (2.58), it is known (Kim and Gu (2004))
that the function V occasionally produces a minimizer resulting severe under-smoothing. A
modified version with a fudge factor seems to be effective in preventing under-smoothing; where
for a fudge factor α > 1, we write
V(λ) = n
−1yᵀ (I −A(λ))2 y
{n−1tr (I − αA(λ))}2 . (2.59)
Kim and Gu (2004) mention that an optimal value of α, if indeed there is an optimal one,
would depend on the true function η and possibly other factors, but these are not available
in practice. Through simulations was concluded that the empirical value α = 1.4 provides
adequate performance over a range of simulation settings. The minimizer λv of (2.59) is called
the Generalized Cross Validation (GEV) estimator of λ.
Under the conditions (3) − (4) holding uniformly in a neighborhood of the optimal λ and
as λ→ 0, n→∞, we have that L(λv)/L(λ0) = 1 + o(1), therefore λv and λ0 are close to each
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other and thus λv and λu are close to each other. Differentiating (2.55) and (2.58), setting the
derivatives to zero and λv = λu, then equating expression of the derivatives set to zero and
solving for σ2, a consistent estimator of σ2 is obtained as (Gu, 2013, Theorem 3.4):
σˆ2v =
yᵀ (I −A(λv))2 y
tr (I −A(λv)) . (2.60)
2.3.3 Restricted maximum likelihood
The method described in this section is not designed to select smoothing parameters by
minimizing any specific loss functions, but instead smoothing parameters arise in the context of
some parameters in a Bayesian model based fitting approach. The method was first introduced
by Wahba (Wahba (1985)) but related ideas were described previously by Wecker et.al. (Wecker
and Ansley (1983)).
For observed {(xi, yi)}ni=1, smoothing parameters λ and {θi}pi=1 can be determined via
Restricted Maximum Likelihood (RML) under the model
yi = η(xi) + i,
i
iid∼ N(0, σ2),
η :=
l∑
i=1
diφi + η1.
(2.61)
Here it is assumed that η1 is a Gaussian process with mean 0 and, for some b > 0, a covariance
structure of the form
E [η1(x1), η1(x2)] = bRJ (x1,x2),
and RJ the reproducing kernel on a RKHS . For example, RJ may be expression (2.30) from
the thin plate splines setting (Section 2.1.1) or RJ may use (2.30) as in the tensor thin plate
spline setting (Section 2.1.2). Some priors on the parameters {di}li=1 are needed to be specified
and description of the functions {φi}li=1 require further explanation; we explain all details in
Section 3. The form of η in this model is justified by Theorem 5 and Propositions 6 and 7 with
k = n, which together state that the mean of the full conditional posterior of η(x) under this
model is the unique solution to (1.1). We provide more details on this Bayes model in Chapter
3.
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The parameters {di}li=1 are essential for the mean function η but they are not needed for
the proposal of good smoothing parameters. The nuisance {di}li=1 can be eliminated if the
likelihood of the transformation y = F ᵀ2 y is used, provided that S is full column rank. Here we
will be using the same notation as in Section 2, with F2 is given by (2.8). Observe that
y := F ᵀ2 y
= F ᵀ2 S

d1
...
dl
+ F ᵀ2

η(x1)
...
η(xn)
+ F ᵀ2 
= F ᵀ2 F1R˜

d1
...
dl
+ F ᵀ2

η(x1)
...
η(xn)
+ F ᵀ2  (2.62)
= F ᵀ2

η(x1)
...
η(xn)
+ F ᵀ2 , (2.63)
where equality (2.62) is by the QR-decomposition of S (equation (2.8)), while equality (2.63)
is because F ᵀ2 F1 = 0. Hence
y ∼ N(0, bF ᵀ2QF2 + σ2In−l),
where equation (2.10) was used for the expression of the variance. Then, the minus log likelihood
of y is, up to a constant, given by
1
2
yᵀ
(
bF ᵀ2QF2 + σ
2In−l
)−1
y +
1
2
log
∣∣bF ᵀ2QF2 + σ2In−l∣∣
=
1
2
yᵀ
(
bQ? + σ2In−l
)−1
y +
1
2
log
∣∣bQ? + σ2In−l∣∣
=
1
2b
yᵀ
(
Q? +
σ2
b
In−l
)−1
y +
1
2
log
{
bn−l
∣∣∣∣Q? + σ2b In−l
∣∣∣∣}
=
1
2b
yᵀ (Q? + nλIn−l)−1 y +
1
2
log {|Q? + nλIn−l|}+ n− l
2
log b (2.64)
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where Q? = F ᵀ2QF2 and nλ =
σ2
b . Expression (2.64) can be easily minimized with respect to b
by taking the derivatives, equating to 0 and solving. The minimizer of (2.64) is obtained to be
bˆ(λ) =
yᵀ (Q? + nλIn−l)−1 y
n− l . (2.65)
Further algebra leads to
bˆ(λ) =
yᵀ
{
nλF2 (F
ᵀ
2QF2 + nλIn−l)
−1
F ᵀ2
}
y(nλ)−1
n− l
=
yᵀ
[
In −
{
In − nλF2 (F ᵀ2QF2 + nλIn−l)−1 F ᵀ2
}]
y
nλ(n− l)
=
yᵀ (In −A(λ)) y
nλ(n− l) , (2.66)
where equation (2.21) was used to obtain (2.66).
We can now see the reason for choosing the form of the hyper-parameter b from the Bayesian
model (2.61) as nλ = σ
2
b ; only with this form do we obtain an interpretation of λ =
σ2
nb as the
smoothing parameter from the minimization problem of the functional (2.1) which is induced
because the smoothing matrix (2.21) associated with (1.1) is used.
Hence, the smoothing parameter λ may be proposed using the minimizer of the profile log
likelihood of λ in model (2.61):
1
2bˆ(λ)
yᵀ (Q? + nλIn−l)−1 y +
1
2
log {|Q? + nλIn−l|}+ n− l
2
log bˆ(λ)
=
1
2
(
(n− l) + (n− l) log
{
|Q? + nλIn−l|1/(n−l) bˆ(λ)
})
(2.67)
=
n− l
2
(
1 + log
{
|Q? + nλIn−l|1/(n−l) bˆ(λ)
})
. (2.68)
Note equation (2.65) was used for (2.67). It is straightforward to see from (2.68) that the
minimizer of the profile log likelihood of λ is the same as the minimizer of the function M
defined as
M(λ) := (n− l)bˆ(λ)
|Q? + nλIn−l|−1/(n−l)
.
Further algebra on M leads to
M(λ) = 1
nλ
yᵀ (In −A(λ)) y∣∣∣(Q? + nλIn−l)−1∣∣∣1/(n−l) (2.69)
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=
1
nλ
yᵀ (In−l −A(λ)) y∣∣∣F2 (Q? + nλIn−l)−1 F ᵀ2 ∣∣∣1/(n−l)
+
(2.70)
=
1
nλ
yᵀ (In−l −A(λ)) y
(nλ)−1
∣∣∣nλF2 (Q? + nλIn−l)−1 F ᵀ2 ∣∣∣1/(n−l)
+
=
yᵀ (I −A(λ)) y
|I −A(λ)|1/(n−l)+
, (2.71)
where |B|+ denotes the product of the positive eigenvalues of B. (2.69) above was obtained
using (2.66), the equality needed for the denominator in (2.70) was proven in Wahba (1985),
while (2.71) is obtained with the help of (2.21). We have obtained a handy expression of M
as:
M(λ) ∝ y
ᵀ (I −A(λ)) y
|I −A(λ)|1/(n−l)+
. (2.72)
The minimizer λm of (2.72) is called by Wahba (1985) the Restricted Maximum Likelihood
estimate of λ, we will denote this as RML.
The corresponding variance estimate using nλm = σ
2
m/b(λm) is
σ2m =
yᵀ (I −A(λm)) y
n− l . (2.73)
2.3.4 Smoothing parameter as the ratio of variances
A simple solution to the problem of choosing the smoothing parameter λ when it is not
needed to choose the bandwidth parameters {θ}pi=1, can be obtained when considering the
linear mixed model in Section 2.2.2. The expression for nλ = σ
2
c
σ2e
is observed when comparing
(2.52) and (2.50). In other words, nλ is the ratio between the variance of the errors at the level
of the response and the variance of the random effects of the linear mixed model in Section
2.2.2. Given estimators of the two variances, the ratio of these would provide an estimator of
nλ. In a Bayesian model approach, one could assign priors to σ2c and σ
2
e .
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CHAPTER 3. BAYESIAN MODEL USING THE APPROXIMATED
SOLUTION FOR THE PENALIZED LEAST SQUARES MINIMIZATION
PROBLEM
In this chapter we describe a Bayesian regression model with the property that the mean of
the full conditional distribution of the estimated function is the approximated solution to the
penalized least squared minimization problem (1.1); details about the approximated solution
are given in Section 2.2. A Bayesian method with this property was proposed first in Wahba
(1978) for the simple regression problem. In Wahba (1983), the authors discuss the properties
of credible sets when the Bayes approach is used in the bivariate regression model. In those
early papers, the authors obtained the exact solution to the penalized least square minimization
problem; the approximated solution as mean posterior was proposed more recently in Kim and
Gu (2004). All the Bayesian models described here, conditional on the smoothing parameters
and the covariance of the error-response, have the property that when {zi}ki=1 = {xi}ni=1,
the resulting model is the same model as described by Wahba (1983) and its full conditional
posterior mean provides an exact solution to (1.1).
We present a Bayesian model with the property that the mean of the full conditional
posterior distribution is the same regression estimators as in Kim and Gu (2004) and require
the same computational effort. The method we propose has an important practical advantage
over the Kim et.al. model in the error in variable regression case (Section 4). Kim et.al. treat
the regression function as a Gaussian process while we formulate it as linear combination of a set
of known fixed basis functions. This means that extending Kim’s method to the measurement
error case requires that in each iteration, we save the sampling points {xi}ni=1 at which the
regression function is estimated, as well as the estimates of the regression function itself. This
is impractical because we have to choose from the beginning all the points {χi}Ni=1 where we
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want to estimate the regression function and save the grid and the estimated function from
every MCMC iteration. To implement the approach we propose, on the other hand, we only
need to save the posterior MCMC samples of the coefficients
(
d
c
)
and use these with the fixed
basis evaluated at any new points {χi}Ni=1 (or sampling points {xi}ni=1). In Section 4 we use
this methodology to address the measurement error problem since reducing as much as possible
the computational burden is important.
First we introduce the approach proposed by Kim et.al. to show its equivalence to the
basis model approach that we propose in Section 3.1. In Section 3.2 we describe the models
considered in our fitting methodology which are compared in the simulation study in Section
3.3.
3.1 First Theoretical Results
We assume that we have a training set {xi, yi}ni=1 ⊂ X × R (for example X = Rd), and we
let {zi}ki=1 ⊂ {xi}ni=1 denote a set of knots that may be chosen as described in Section 2.2.3.
Consider the model
yi = η(xi) + i,
i
iid∼ N(0, σ2).
(3.1)
Kim et.al. methodology uses the decomposition (2.48) of η ∈ H? to estimate η as the
solution to (1.1) in a Bayesian context; they write η = η0 +η1 where η0 ∈ NJ and η1 ∈ H?	NJ .
Theorem 5 summarizes some of the results Kim and Gu (2004) of interest. Theorem 5 uses
some of the ideas from the preliminaries in Section 2.
Theorem 5 (Posterior Process, Kim and Gu (2004) )
In the context of Section 2.2 and model (3.1), let {ψi}li=1 be a basis of NJ . Let λ > 0, and let Q ∈
Mk×k(R), S ∈Mn×l(R) with Si,j = ψj(xi) full column rank, R ∈Mn×k(R), Ri,j = RJ (xi, zj),
M = RQ+Rᵀ + nλIn and define b =
σ2
nλ . Consider the unique decomposition η = η0 + η1 ∈ H?.
Let η0 have a improper prior in NJ and let η1 follow a mean zero Gaussian process prior in
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H? 	NJ with covariance function
E(η1(x), η1(y)) = b

RJ (x, z1)
...
RJ (x, zk)

ᵀ
Q+

RJ (z1,y)
...
RJ (zk,y)
 ,
were Q+ is the Moore-Penrose inverse (Definition 32) of
Q =

RJ (z1, z1) RJ (z1, z2) · · · RJ (z1, zk)
RJ (z2, z1) RJ (z2, z2) · · · RJ (z2, zk)
...
...
. . .
...
RJ (zk, z1) RJ (zk, z2) · · · RJ (zk, zk)

. (3.2)
Then, the posterior distribution
[
η|y, σ2] is a Gaussian process with
E
[
η(x)|y, σ2] = l∑
i=1
dˆiψi (x) +
k∑
i=1
cˆiRJ (zi,x)
= ψᵀdˆ + ξᵀcˆ,
b−1V ar[η(x)|y] = ξᵀQ+ξ + ψᵀ (SᵀM−1S)−1 ψ − 2ψᵀd˜− ξᵀc˜,
(3.3)
where
cˆ = Q+Rᵀ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1)y,
dˆ =
(
SᵀM−1S
)−1
SᵀM−1y,
c˜ = Q+Rᵀ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1)RQ+ξ,
d˜ =
(
SᵀM−1S
)−1
SᵀM−1RQ+ξ.
(3.4)
Furthermore dˆ and cˆ satisfy equations (2.51) and thus the mean posterior is the approximated
solution to the penalized least square minimization problem (1.1) described in Section 2.2.
Expressions (3.3), for known σ2, uniquely describe the posterior distribution [η(xi)|y, λ,X, σ2]
for any sampling point xi, or they can be used in the posterior predictive distribution of η(χ)
for any new χ ∈ X. Kim et.al provide an external estimator σˆ2 of σ2 using the training set
{(xi, yi)}ni=1, and then continue as if the variance σˆ2 = σ2 is known, and provide point estimates
of η(χ) using the normal distribution with parameters given by (3.3) and (3.4). This approach
may be classified as empirical Bayes.
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Now lets assume model (3.1) with η having the form
η (x) =
l∑
i=1
diψν (x) +
k∑
i=1
ciRJ (zi,x)
as in the setting of Section 2.2. In the notation of Theorem 5 we have η0 =
∑l
i=1 diψi and
η1 =
∑k
i=1 ciRJ (zi, ·). From the discussion in Chapter 2, the form of η is justified as the form
of the approximated solution to the penalized least square minimization problem (1.1) for a
chosen penalty term (2.2) (and known {θi}pi=1) and a fixed known value λ. The basis functions
{ψi}li=1 of the space NJ and the functions {RJ (zi, ·)}ki=1 are known and fixed and thus the
unknown parameters are {di}li=1 and {ci}ki=1; one may assign priors to these parameters as
described in the next Proposition.
Proposition 6 (A First Bayesian Model)
In the context of Section 2.2, let {ψi}li=1 be a basis of NJ . Consider {(xi, yi)}ni=1 ⊂ X × R
a training set, let Z := {zi}ki=1 ⊂ {xi}ni=1 =: X, d := (d1 d2 · · · dl)ᵀ, c := (c1 c2 · · · ck)ᵀ.
Consider the model
yi = η(d
c
)(xi) + i,
η(d
c
) = l∑
i=1
diψi +
k∑
i=1
ciRJ (zi, ·)
i
iid∼ N1(0, σ2).
Let λ > 0, and Q ∈ Mk×k(R) with entries Qi,j = RJ (zi, zj), S ∈ Mn×l(R) with Si,j = ψj(xi)
full column rank, R ∈ Mn×k(R), Ri,j = RJ (xi, zj), M = RQ+Rᵀ + nλIn and define b = σ2nλ .
Consider the priors
di
iid∼ 1,
c|σ2 ∼ Nl
(
0, bQ+
)
,
σ2 ∼ Inv −Gamma(A, B),
d ⊥ c,
d ⊥ σ2(
d
c
) ⊥ (1 · · · n)ᵀ ,
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σ2 ⊥ i, i ∈ {1, · · · , n}.
Then the posterior of the parameters exists and the full conditional posteriors are
• ( dc )|y, σ2, b, X ∼ Nl+k (µdc, bΣdc), where
µdc =
(
(SᵀM−1S)−1SᵀM−1
Q+RᵀM−1(I−S(SᵀM−1S)−1SᵀM−1)
)
y (3.5)
Σdc =
(
(SᵀM−1S)−1 −(SᵀM−1S)−1SᵀM−1RQ+
−Q+RᵀM−1S(SᵀM−1S)−1 Q+−Q+Rᵀ{M−1−M−1S(SᵀM−1S)−1SᵀM−1}RQ+
)
(3.6)
• σ2|y, ( dc ), X ∼ Inv −Gamma
(
A +
1
2n,
[
B−1 +
1
2
∑n
i=1(yi − η(d
c
)(xi))2]−1).
Proof.
Denote Θ =
(
dᵀ cᵀ σ2
)ᵀ
. The posterior density of Θ can be expressed as
[Θ|y, X] ∝ [y| ( dc ), σ2, X]× [( dc )∣∣σ2, X]× [σ2],
thus the posterior is proper if the right hand side of the previous expression is proper. The
distribution
[(
d
c
)∣∣y, σ2, X] ∝ [y| ( dc ), σ2, X]× [( dc )∣∣σ2, X] may not integrate to 1, but the
rest of the distributions are proper. This distribution can be shown to be proper by considering
first the model with proper prior di
iid∼ N(0, τ2) with the rest of the priors kept the same. For
τ2 → ∞ we can then prove that [( dτc )∣∣y, σ2 X] converges in distribution. This is shown in
Proposition 74.
To compute the full conditional posterior
[
σ2
∣∣ ( d
c
)
,X,y
]
we recall that
[Θ|y, X] ∝ [ y ∣∣( dc ), σ2, X] [( dc )∣∣σ2, b, X] [σ2|X] ,
and obtain [
σ2
∣∣ ( d
c
)
,X,y
] ∝ [ y ∣∣( dc ), σ2, X] [( dc )∣∣σ2, b, X] [σ2|X] . (3.7)
But
[(
d
c
)∣∣σ2, b, X] depends on σ2 only through the expression σ2/b and
σ2
b
=
σ2
σ2/nλ
= nλ.
Therefore, we have
[(
d
c
)∣∣σ2, b, X] = [( dc )∣∣λ, X] which indicates that the conditional distri-
bution is independent of σ2. By (3.7), we have
[
σ2
∣∣ ( d
c
)
,X,y
] ∝ [ y ∣∣( dc ), σ2, X] [σ2|X]
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∝ exp
(
− 1
2σ2
n∑
i=1
(
yi − η(d
c
)(xi))2 − 1
2Bσ2
)
× σ−2(n/2+A+1)
∝ Inv −Gamma
A + 1
2
n,
[
B−1 +
1
2
n∑
i=1
(
yi − η(d
c
)(xi))2]−1
 .
Proposition 6 under-girds a main theoretical result proposed here and we will use it for the rest
of this paper. Kim’s et.al. results, Theorem 5, is related to our own via the point estimates of
η in any χ ∈ Rd. We claim that the full conditional posterior distribution of η in Proposition
6, as a process, is the same as the one proposed by Kim, et.al. from Theorem 5. We state and
prove this result in Proposition 7.
Proposition 7 (Equivalence Bayesian Models)
In the context of Proposition 6, η(d
c
)∣∣∣y,σ2,b,X is a Gaussian process with mean and covariance
functions
E
[
η(d
c
)∣∣∣y,σ2,b,X(x)
]
=Ψᵀ(x)dˆ + Ξᵀ(x)cˆ,
b−1Cov
[
η(d
c
)∣∣∣y,σ2,b,X(x), η(dc )∣∣∣y,σ2,b,X(y)
]
=Ξ(x)ᵀQ+Ξ(y) + Ψ(x)ᵀ
(
SᵀM−1Sᵀ
)−1
Ψ(x)
−
[
Ψ(x)ᵀd˜(y) + Ψ(y)ᵀd˜(x)
]
−Ξ(x)ᵀc˜(y)
b−1V ar
[
η(d
c
)∣∣∣y,σ2,b,X(x)
]
=Ξ(x)ᵀQ+Ξ(x) + Ψᵀ(x)
(
SᵀM−1S
)−1
Ψ(x)
− 2Ψ(x)ᵀd˜(x)−Ξ(x)ᵀc˜(x),
where
Ψ(x) = (ψ1(x) · · · ψl(x))ᵀ
Ξ(x) = (RJ (z1,x) · · · RJ (zk,x))ᵀ
cˆ = Q+Rᵀ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1)y, (3.8)
dˆ =
(
SᵀM−1S
)−1
SᵀM−1y, (3.9)
c˜(x) = Q+Rᵀ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1)RQ+Ξ(x),
d˜(x) =
(
SᵀM−1S
)−1
SᵀM−1RQ+Ξ(x).
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The Gaussian process η(d
c
)∣∣∣y,σ2,b,X is exactly the same process as in Theorem 5 described by
(3.3) and (3.4).
Proof. By Proposition 75 with a slightly different notation.
We have shown that the full conditional posterior distribution of the regression function η
evaluated at any χ ∈ Rd, conditional on σ and the smoothing parameters λ, {θi}pi=1, is the
same as the full conditional posterior of the Gaussian process η from Theorem 5 evaluated at
χ ∈ Rd. In practical terms, this means that point estimators and credible intervals for η(χ)
are the same for both models conditional on σ2, λ, {θi}pi=1 and {xi}ni=1. The advantage of our
results over Kim, et.al. is in terms of storage, prediction, and the extension to the measurement
error case.
In order to predict using the model from Proposition 6 we only need to save the values dˆ
and cˆ from an MCMC sampler and then use them to evaluate the basis of functions {ψi}li=1
and {RJ (zi, ·)}ki=1 to simulate from the marginal posterior predictive distribution [η(χ)|y,X, λ]
for any new χ. On the other side, to simulate from the posterior predictive of η(χ) using the
model in Theorem 5 we have to draw from the posterior distribution as we estimate the model
parameters. This limits the points where η can be estimated to the sets of points {χi}Ni=1
defined before the fitting of the model.
For the sake of completing the arguments we now show that dˆ and cˆ from (3.4), µdc in
(3.5) and dˆ, cˆ from (3.8) and (3.9), which are the same algebraic expressions, satisfy equations
(2.51). Therefore the mean of η(χ) of the Gaussian process in Theorem 5 and the mean of the
full conditional posterior of η from Proposition 6 as functions of x ∈ Rd solve the regularized
minimization problem (1.1) in the space H?.
Proposition 8 (Full Conditional Posterior Mean as Smoothing Splines) In the setting
of Theorem 5 or Proposition 6, let S be full column rank n × l matrix. The mean of the full
conditional posterior of
(
d
c
)
described by (3.5), and the vector
(
dˆ
cˆ
)
from (3.8) − (3.9) satisfy
equations (2.51) and thus the Bayesian point estimator of the Gaussian process η in Theorem
5 an the full conditional mean in Proposition 6 are the unique solution to (1.1) in H?.
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Proof.
The first expression of (3.5) satisfies equations (2.51) because:
SᵀSdˆ+SᵀRcˆ− Sᵀy = SᵀS
[(
SᵀM−1S
)−1
SᵀM−1y
]
+ SᵀR
[
Q+Rᵀ
(
M−1 +M−1S
(
SᵀM−1S
)−1
SᵀM−1
)
y
]
− Sᵀy
=Sᵀ
(
RQ+Rᵀ
)
M−1y + Sᵀ
(
In −RQ+RᵀM−1
)
S
(
SᵀM−1S
)−1
SᵀM−1y − Sᵀy
=Sᵀ
(
RQ+RᵀM−1 − In
)
y − Sᵀ (RQ+RᵀM−1 − In)S (SᵀM−1S)−1 SᵀM−1y
=Sᵀ
(
RQ+RᵀM−1 − In
) (
In − S
(
SᵀM−1S
)−1
SᵀM−1
)
y
=Sᵀ
(−nλM−1) (In − S (SᵀM−1S)−1 SᵀM−1)y
=− nλ
[
SᵀM−1 − (SᵀM−1S) (SᵀM−1S)−1 SᵀM−1]y
=− nλ [SᵀM−1 − SᵀM−1]y
=0.
That the second expression of (3.5) satisfies equations (2.51) follows as:
RᵀSdˆ+ (RᵀR+ nλQ) cˆ−Rᵀy = RᵀS
[(
SᵀM−1S
)−1
SᵀM−1y
]
−Rᵀy
+ (RᵀR+ nλQ)
[
Q+RᵀM−1(I − S(SᵀM−1S)−1SᵀM−1)]
=RᵀS
(
SᵀM−1S
)−1
SᵀM−1y −Rᵀy
+RᵀRQ+RᵀM−1
[
In − S
(
SᵀM−1S
)−1
SᵀM−1
]
y
+ nλQQ+RᵀM−1
[
In − S
(
SᵀM−1S
)−1
SᵀM−1
]
y
=RᵀS
(
SᵀM−1S
)−1
SᵀM−1y −Rᵀy
+RᵀRQ+RᵀM−1
[
In − S
(
SᵀM−1S
)−1
SᵀM−1
]
y
+ nλRᵀM−1
[
In − S
(
SᵀM−1S
)−1
SᵀM−1
]
y (3.10)
=
[
Rᵀ
(
RQ+RᵀM−1
)
+ nλRᵀM−1 −Rᵀ] [In − S (SᵀM−1S)−1 SᵀM−1]y
=
[
Rᵀ
(
In − nλM−1
)
+ nλRᵀM−1 −Rᵀ] [In − S (SᵀM−1S)−1 SᵀM−1]y
=
[
Rᵀ − nλRᵀM−1 + nλRᵀM−1 −Rᵀ] [In − S (SᵀM−1S)−1 SᵀM−1]y
=0.
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Equality (3.10) is obtained using QQ+Rᵀ = Rᵀ which can be proven as follow. Let
ξ(x) = (RJ (z1,x) · · ·RJ (zk,x))ᵀ .
Notice that by definition of the generalized inverse Q+, we have QQ+Q = Q, therefore QQ+ is
the projection matrix on the column space of Q; if we prove that ξ(x) is in the column space
of Q we would have proven QQ+ξ(x) = ξ(x) for all x ∈ Rl, in particular we would have proven
that QQ+Rᵀ = Rᵀ. ξ(x) is in the column space of Q by Proposition 46, and thus we have
(3.10).
We have shown that dˆ and cˆ satisfy equation (2.51), but this by itself only shows that they
are critical points of (2.50). As described in Section 2.2.1, there may be multiple critical points
to (2.50) but all the critical points would produce a solution to (1.1) through expressions (2.49),
along with the expected value in (3.3) of E (η(x)), or E
[
η(d
c
)∣∣∣y,σ2,b,X(x)
]
from Proposition 6.
Such solution would be in the space of functions {η = ∑li=1 diψi +∑ki=1RJ (zi, ·)}. That the
solution is unique in H? is concluded by the representer Theorem (Theorem 52) which requires
that S is full column rank.
Another interpretation of the deterministic function defined by the mean of the Gaussian
process from the posterior predictive was already mentioned but it may not be evident in this
setting. It was argued in Section 2.2.1 using Theorem 51 that the minimizer function, in this
case E
[
η(d
c
)∣∣∣y,σ2,b,X(x)
]
as function of x ∈ Rd, is the best interpolation as measured by the
quadratic loss function
∑n
i=1 (yi − f(xi))2 subject to the constrain J (f) ≤ ρ(λ) for ρ(λ) > 0.
3.2 Models
In this Section we describe the Bayesian models that we discuss in this section. In every
case we assume that we have a training set {(xi, yi)}ni=1, xi ∈ Rd, yi ∈ R is available, and a set
of knots {(zi)}ki=1 , k << n with similar distribution as {(xi)}ni=1 (see Section 2.2.3). In the
decomposition of the space H? (2.48), the Hilbert subspace NJ is of finite dimension with basis
{ψi}li=1 and orthonormal basis {φi}li=1. We have available a semi kernel RJ : Rd × Rd → R in
the space H∗.
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3.2.1 Bayesian regression model using thin plate splines
The thin plate spline regression setting, described in Section 2.1.1, will be used here. Of
particular importance is the evaluation of the reproducing kernel function RJdm (for simplicity
RJ ). Proposition 6 describes the most troublesome part of the model in this section, namely
the priors and conditional posterior of c and d given the variance at the observation level σ2
and the bandwidth parameter λ > 0 are required to solve (1.1).
For η ∈ H∗ consider the model
yi = η(xi) + i
i
iid∼ N(0, σ2).
Here η =
∑l
j=1 djφj +
∑q
j=1 cjRJ (zj , ·) by hypothesis. Using the same notation as in Propo-
sition 6, consider the priors on the parameters
d ∼ 1,
c|σ2, λ ∼ Nk
(
0,
σ2
nλ
Q+
)
,
P(λ ≥ λ0|X, σ2) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
U(x|y,X, σ2)
}
dFy|X(y), (3.11)
σ2 ∼ Inv −Gamma(A, B),
d ⊥ c, d ⊥ σ2, ( dc ) ⊥ (1 · · · n)ᵀ , σ2 ⊥ i, i ∈ {1, · · · , n},
where every distribution is conditional on the observed X = {xi}ni=1, and A and B are
hyperprior parameters. The prior on λ is conditional on σ2, but two similar models with λ
independent of σ2 can be proposed. Here the priors on λ would only depend on {xi}ni=1 and
can be chosen as
P(λ ≥ λ0|X) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
V(x|y,X, α)
}
dFy|X(y) or, (3.12)
P(λ ≥ λ0|X) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
M(x|y,X)
}
dFy|X(y); (3.13)
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for the expression of U , V and M see (2.55), (2.59) and (2.72) respectively.
Let Θ =
(
dᵀ, cᵀ, σ2 , λ
)
. In principle, we would need to show that the posterior [Θ|y] exists
because an improper prior was given to d. The formal way to show the existence of the posterior
is to propose the proper prior d ∼ Nl(0, τ2Il) , and follow the proof of Proposition 72 by taking
the limit τ → ∞. The details of the proof are exactly the same as in Proposition 72 with the
addition of multiplicative terms independent of τ , where the multiplicative terms correspond
to the joint prior distribution of σ2 and λ using (3.11), (3.12) or (3.13). In this light, the joint
posterior distribution of Θ with improper prior on d exists and is proportional to
[Θ|y] ∝ [y|c,d, σ2, λ]× [d, c|λ, σ2]× [λ|σ2]× [σ2]
=
[
y|c,d, σ2]× [d, c|λ, σ2]× [λ|σ2]× [σ2]
= exp
{
− 1
2σ2
n∑
i=1
(yi − η(xi; d, c))2)− nλ
σ2
cᵀQc− 1
Bσ2
}
× σ−2(n/2+A+1) × [λ|σ2] .
Remark 9
In the expressions above we are using the probability density functions of the respective condi-
tional distributions, or in measure theory terminology, the Radon-Nikodyn derivatives (Athreya
and Lahiri (2006)) of the respective probability functions with respect to Lebesgue measures. In
this context,
[
λ|σ2] would be the Radon-Nikodyn derivative of the measure defined by (3.11) with
respect to Lebesgue measure. Formally, we would need to prove the existence of such derivative,
using for example, the Radon-Nikodym Theorem (Athreya and Lahiri (2006)). If such deriva-
tive does not exist then [Θ|y] can not be analytically expressed as the product of densities, as
we did above; instead, the use of the cumulative distributions would be needed. For simplicity
in the notation, we keep using the probability density distributions. Furthermore, we do not use
the existence of the density
[
λ|σ2] but we will only use that [λ|σ2,y] = arg minx>0 U(x|σ2,y)
almost surely, by construction of (3.11). Similarly if we use the priors (3.12) or (3.13).
It is now desired to simulate from [Θ|y] which can be accomplished using the Gibbs sampler
algorithm (Gelman et al., 2014, p. 276 - 278) simulating sequentially from the following full
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conditional distributions.
[
(dᵀ cᵀ)ᵀ |λ, σ2,y] ∝ exp{− 1
2σ2
n∑
i=1
(yi − η(xi; d, c))2)− nλ
σ2
cᵀQc
}
∼ Nl+k (µdc,Σdc) (following proof Proposition 6), and ,[
λ, σ2|d, c,y] ∝ [λ|σ2,d, c,y]× [σ2|d, c,y] ,
for µdc and Σdc as in (3.5) and (3.6). It is straightforward to simulate from
[
(dᵀ cᵀ)ᵀ |λ, σ2,y].
In order to simulate from
[
λ, σ2|d, c,y], first it is needed to simulate from [σ2|d, c,y] and using
the simulated value σ2, one can simulate from
[
λ|σ2,d, c,y]. Observe that
[
σ2|d, c,y] ∝ exp{− 1
2σ2
n∑
i=1
(yi − η(xi; d, c))2 − 1
Bσ2
}
× σ−2(n/2+A+1)
∼ Inv −Gamma
A + 1
2
n,
[
B−1 +
1
2
n∑
i=1
(yi − η(xi))2
]−1
For the distribution [λ|σ2,d, c,y] observe that by the law of Total Probability we have
P(λ ≥ λ0|σ2,y) =
∫
P(λ ≥ λ0|σ2,d, c,y)dFd,c(d, c), then
1
{
λ0 ≥ arg min
x>0
U(x|y,X, σ2)
}
=
∫
P(λ ≥ λ0|σ2,d, c,y)dFd,c(d, c), then it must be that
1
{
λ0 ≥ arg min
x>0
U(x|y,X, σ2)
}
= P(λ ≥ λ0|σ2,d, c,y),
therefore we can conclude that
(λ|σ2,d, c,y) = U(x|y,X, σ2) almost surely.
If instead of using the prior (3.11), we decide to use (3.12) or (3.13), the full conditional
posteriors of the parameters would be:
[
(dᵀ cᵀ)ᵀ |λ, σ2] ∼ Nl+k (µdc,Σdc) ,
[
σ2|λ,d, c] ∼ Inv −Gamma
A + 1
2
n,
[
B−1 +
1
2
n∑
i=1
(yi − η(xi))2
]−1 ,
and λ (and θi’s) fixed as
(λ|y,X) = arg min
x>0
V(x|y,X, α), if prior (3.12) was used, or
(λ|y,X) = arg min
x>0
M(x|y,X) if prior (3.13) was used.
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3.2.2 Bayesian regression model using tensor thin plate splines
The model in this section has the same form as for the thin plate splines (Section 3.2.1)
with the only differences observed on the penalty term (2.2) and the corresponding reproducing
kernel R. Therefore, the Bayesian model is the same but the basis functions changes. We now
describe the changes on the basis functions.
Lets consider the reproducing kernel RJdm of the thin plate spline minimization problem.
By the arguments and interpretation provided in Section 2.1.2, the following expressions are
reproducing kernels for the tensor thin plate spline setting in the case X = R2, with x =
(x(1),x(2)) ∈ R2,
RK1 (x,y) =θ1RJ1m
(
x(1),y(1)
)
+ θ2RJ1m
(
x(2),y(2)
)
, (3.14)
RK2 (x,y) =θ1RJ1m
(
x(1),y(1)
)
+ θ2RJ1m
(
x(2),y(2)
)
+ θ3RJ1m
(
x(1),y(1)
)
R0,m
(
x(1),y(1)
)
+ θ4RJ1m
(
x(2),y(2)
)
R0,m
(
x(2),y(2)
)
+ θ5RJ1m
(
x(1),y(1)
)
RJ1m
(
x(2),y(2)
)
, (3.15)
where RJ1m is the reproducing kernel for the thin plate splines in the domain X = R described
by (2.30), and R0,m is the reproducing kernel of the space of polynomials in R with degree
smaller than m + 1; note R0,m is fully described by (2.28). The reproducing kernels (3.14)
and (3.15) are the respective kernels for the tensor thin plate spline without interaction in the
Anova decomposition of the associated Hilbert space, (Aronszajn (1950); Akhiezer and Glazman
(1981a,b); Gu (2013)), while the setting with interaction terms has reproducing kernel (3.15).
For the simulation study in Section 3.3 we use the tensor thin plate spline with interaction,
hence the reproducing kernel (3.15). In this case we need to choose the smoothing parameters
{θi}pi=1 and set λ = 1 for identificability reasons. The Bayes model interpretation has the same
form as in the thin plate spline, but now the matrices Q, R and the projection matrix A(λ) in
(2.21) − (2.22) depend on {θi}pi=1 with λ = 1; the functions U , V and M depend as well on
{θi}pi=1 and the priors (3.11), (3.12), (3.13) are specified minimizing over the positive quadrant
of Rp (p = 5 here).
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3.2.3 Full Bayes linear mixed effects model
The full Bayes model follows directly from the linear mixed model in Section 2.2.2. Here,
we describe the priors on the parameters chosen such that the mean of the full conditional
posterior of the fixed coefficients and predictors of the random effect (dᵀ, cᵀ)ᵀ is expression
(2.53). Consider the linear mixed model
y|d, c, e = Sd + Uc + e, c
e
 ∼Nn+k
0,
 σ2c Ik 0
0 σ2eIn

 , (3.16)
with S ∈ Mn×l(R) as before and U = FV −1/2, Fi,j = Em,d‖xi − zj‖, Vi,j = Em,d‖zi − zj‖.
Consider the priors
d ∼ 1
σ2c ∼ Inv −Gamma (Ac, Bc)
σ2e ∼ Inv −Gamma (Ae, Be) .
That the posterior distribution of the parameters is proper follows by similar arguments as in
Proposition 74. The full conditional posterior distributions are
[
(dᵀ cᵀ)ᵀ|σ2c , σ2e
] ∼ Nk+l
((
[V U ]ᵀ [V U ] +
σ2e
σ2c
D
)−1
[V U ] y,
(
[V U ]ᵀ [V U ] +
σ2e
σ2c
D
)−1)
[
σ2c |σ2e ,d, c
] ∼ Inv −Gamma(Ac + k/2,(Bc + 1
2
‖c‖2
)−1)
[
σ2e |σ2c ,d, c
] ∼ Inv −Gamma(Ae + n/2,(Be + 1
2
‖y − Sd− Uc‖2
)−1)
,
where D =
 0 0
0 Il
. Observe that the ratio σ2e/σ2c plays the role of nλ, the smoothing
parameter. It could be interpreted as assigning a prior to λ and observing the corresponding
distribution on σ2c =
σ2e
nλ which in this case is an inverse gamma. The next models use this
approach, a prior is assigned to λ and σ2e , and σ
2
c follows the corresponding induced prior.
The Bayesian model from this section was inspired by the full Bayes model to estimate
function in the presence of errors in covariance by (Berry et al. (2002)).
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3.2.4 Bayesian linear mixed model interpretation and empirical bandwidth pa-
rameters
Consider the linear mixed model (3.16) and define λ = σ
2
e
nσ2c
. Consider the priors
d ∼ 1,
λ|σ2e = arg min
x>0
{U(x|σ2e)} almost surely,
σ2e ∼ Inv −Gamma (Ae, Be) .
The full conditional posterior of the parameters are[
(dᵀ cᵀ)ᵀ|λ, σ2e
] ∼ Nk+l
((
[V U ]ᵀ [V U ] +
σ2e
σ2c
D
)−1
[V U ] y,
(
[V U ]ᵀ [V U ] +
σ2e
σ2c
D
)−1)
λ|σ2e = arg min
x>0
{U(x|σ2e)} almost surely,
[
σ2e |λ,d, c
] ∼ Inv −Gamma(Ae + n/2,(Be + 1
2
‖y − Sd− Uc‖2
)−1)
,
Alternatively, in two different models, λ can be chosen as well using (3.12) or (3.13) and the
full conditional posteriors of the parameters would be similar to above but λ as the argmin of
the respective function.
3.3 Simulation Study: Bayesian Models using Thin Plate Splines, Tensor
Thin Plate Splines and Linear Mixed Model Interpretation
We perform a simulation study to compare the performance of the models in Section 3.2
in terms of point estimates and coverage of credible intervals for functions η : R2 → R. The
algorithm and our methods work in theory for any number of covariates but we provide a
robust simulation study for the case of two covariates. We tested our methods with some
examples to estimate functions with domain in R3 and R4 obtaining good resulting estimation.
The purpose of the simulation study is to observe the performance on the estimation provided
by all 10 models measured in terms of the Bayes estimates of the function, Bayes prediction,
and empirical coverage of the credible intervals for predictions of η. Based on these results
we choose an acceptable model in order to face the problem of nonparametric regression with
errors in variables in Section 4.
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There has been previous work on simulation studies for nonparametric regression models
with Bayes interpretation, such in (Wahba (1983); Nychka (1988); Kim and Gu (2004)), but
most of the studies are for estimation of univariate functions or examples of estimation for
bivariate functions are simply shown. Wahba (1983) and Nychka (1988) report an average
coverage probability across the region of estimation for the credible intervals that is similar to
the level of the credibility, when using the GCV method to choose the bandwidth parameters.
Nychka (1988) mentions that the main disadvantage of the approach is that the “confidence
intervals” are only valid in an average sense over the region of estimation, and may not be
reliable if evaluated for pointwise estimation or only evaluated at peaks or troughs in the
estimate; the pointwise coverage of the credible intervals depend on the unknown function.
With the simulation study we have designed, we compare four methods to choose the smoothing
parameters. We can observe the impact of having more than one smoothing parameters in the
model (tensor thin plate splines) or choosing the smoothing parameter by assigning a prior. We
are able to observe the behavior of the point estimates and the empirical coverage of credible
intervals in different regions of estimation varying in size and the concentration of observed
data for bivariate function.
Table 3.1 Summary form of the models and smoothing methods to choose/estimate the
smoothing parameters in the simulation study. LMM - linear mixed model in-
terpretation, TPS - thin plate splines, TTPS - tensor thin plate splines with anova
interaction. UERL - unbiased estimate relative loss, GCV - generalized cross val-
idation, REML - restricted maximum likelihood under the Bayes model, Bayes -
inverse gamma prior on both variances σ2e and σ
2
c .
Smoothing Model Bandwidth Method
LMM UERL
LMM GCV
LMM RML
LMM Bayes
TPS UERL
TPS GCV
TPS RML
TTPS UERL
TTPS GCV
TTPS RML
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The form of the competing models and the methods to select the bandwidth parameters
are summarized in Table 3.3. There, we use the abbreviations LMM for the linear mixed
models described in Sections (3.2.3) and (3.2.4), TPS for the Bayesian models using thin plate
splines (Section (3.2.1)), and TTPS for the Bayesian models using tensor thin plate splines
(Section (3.2.2)). With regard to the selection of the smoothing parameters, the notation
UERL indicates that λ (and θi’s) were assigned with the prior (3.11), GCV indicates that the
prior (3.12) was used, and a Bayesian model with (3.13) as prior is denoted as RML. In the
same table, the combination LMM and Bayes bandwidth method denotes the model described
in Section (3.2.3), and rest of the LMM models were described in Section (3.2.4). The former
model will denoted as Full Bayes model, and the later models will be jointly denoted as Bayes
Empirical models.
For each combination of the values of the parameters, 200 simulated data sets were gener-
ated, with {xi}ni=1,xi iid∼ N2(0, I2), n = 50, 100, 400, and 800; the responses {yi}ni=1 were sim-
ulated with the form yi = η(xi) + i, while i
iid∼ N(0, σ2) using σ = 0.01, 0.1, 0.25, 0.5, and 1.
The deterministic function to be estimated is
η((x(1), x(2))) =
[
4 +
sin(12pix(1))
1 + 4x2(1)1(x(1) > 0)
]
× [sin(x(2)) + cos(x(2)) + x(2)] . (3.17)
For each of the simulations, the priors on the variances were chosen to be σ2 ∼ Inv −
Gamma(1, 1), σ2c ∼ Inv − Gamma(1, 1), and σ2e ∼ Inv − Gamma(1, 1) for the respective
models. The values of the hyper-parameters for the priors were chosen in this way because
the prior information they provide is not strong. It was found that estimation is insensitive to
moderate modifications to these values.
Estimates for η(χ) for any χ ∈ R2 are found as the mean of the posterior predictive distri-
bution, (Gelman et al., 2014, pag 7):
Π(η(χi)|y) =
∫
Π (η(χ)|θ) Π (θ|y) dθ.
Observe that we are abusing of the notation, η is a deterministic functions while the notation
Π(η|Y) suggest that η is a random process with variance function, in principle, non zero. We
use this notation keeping in mind that we are interested in the posterior mean of Π(η(χi)|Y) =
[η(χi)|Y] as point estimate of the deterministic η(χi).
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The posterior distribution of the parameters in the models and the posterior predictive
distribution Π(η(χ)|Y) do not have an analytically form. Samples were drawn using MCMC
methods. Two independent chains with different initial overdispersed values for each parameter
were drawn using Gibbs sampler, (Gelman et al., 2014, pag 276 - 278). Each of the chains were
run for 10, 000 iterations discarding the first 7, 000 realizations as burn in and thinning the rest
of the sequences by keeping every 3 draws. In the simulation study is not possible to assess
convergence of the MCMC chains for all simulated parameters and all data sets at the same
time. Instead, convergence tests such as Geweke test, (Geweke et al. (1991)) and Gelman test
(Gelman et al., 2014, pag. 285) were used to separately test the convergence for the parameters.
Realizations of the posterior predictive distribution are achieved using the samples from
the posteriors. Let ηˆ(χ) := E [Π(η(χ)|Y)] denote the point estimator of η(χ) and η˜(χ) :=
sd [Π(η(χ)|Y)] denote the standard deviation of the posterior distribution. Then ηˆ(χ) and
η˜(χ) are approximated with the sample mean and the unbiased sample standard deviation
from the realizations of the posterior predictive distributions.
Figure 3.1 shows an example of estimation using the model obtained from the Bayes interpre-
tation of the thin plate splines in a grid of resolution 0.05×0.05 inside the square [−2.25, 2.25]2.
We denote this grid as {χi}Ni=1 ⊂ R2. The square [−2.25, 2.25]2 was chosen as the region of
estimation for all the simulated data sets of the study because it has the property that it would
contain about 95.17% of all points simulated from N2(0, I2); the grid was not chosen to be finer
because of storage availability. The Bayes point estimator ηˆ is expected to behave similarly
to frequentist estimation of the non-parametric regression obtained by (1.1) because of the
interpretation of the mean of the full conditional posterior distribution as a solution. Observe
that the pointwise standard deviation in the estimation η˜ is larger on the boundaries of the
region of estimation because have less information about the regression function in that area,
thought the standard deviation is smaller in the center of the region as expected.
Each model in Table 3.3 does not assume a parametric form for η, instead it is assumed
that η is in the space H? (2.48); in this way we approximate the solution to (1.1) in H ⊇ H?,
the RKHS generated by the reproducing kernel (2.30). Such a RKHS , for the estimation
in Figure 3.1, does not contain functions that are not at least three (m = 3) times partially
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Figure 3.1 Level curves for the true function η equation (3.17) (left), point Bayes estimate
ηˆ(χ) (center), and pointwise standard deviation, η˜(χ) (right), for estimation using
Bayes model interpretation of the thin plate splines with m = 3 and smoothing
parameter chosen using the restricted maximum likelihood method, with n = 100
and σ2 = 0.5. The dots in the plots are the observed values of the covariates
{xi}100i=1.
differentiable where the squares of the partial derivatives of degree m = 3 are integrable.
Therefore the strongest assumptions made on η is that all of its third partial derivatives exist
for every point in R2 and the integral over R2 of the square of each of the derivatives is finite.
It is possible to impose a weaker assumption on η and the proposed methodology would still
be theoretically justified and interpretations would be the same; it would be enough to have
that all the partial derivatives of degree m = 3 are integrable in the square [−2.25, 2.25]2, but
we did not pursuit to prove this statement. The required properties of partial differentiabilty,
integrability of the square of the partial derivatives, and that the mean of the full conditional
distribution of η is the function that best interpolates the data as measured by the squared
loss function 1n
∑n
i=1 (yi − η(xi))2 subject to the constrain that J 23 (η) is small (Theorem 51),
are the assumptions that lead us to compute ηˆ as observed in Figure 3.1.
3.3.1 Prediction and variability of prediction for the target regression function
and discussion
We propose a summary to evaluate the performance of the estimated functions ηˆ as follow.
By the interpretation of the mean of the full conditional posterior of the models as thin plate
splines or tensor thin plate splines, and by the way the smoothing parameters were chosen
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using the Unbiased Estimate Relative Loss method (2.55) and the generalized cross validation
method (2.59), ηˆ approximately minimizes the loss function 1n
∑n
i=1(ηλ(xi) − η(xi))2, (2.54)
up to the constrain described in Theorem 51. Instead of evaluating the performance of the
estimation ηˆ using the loss function N−1
∑N
i=1 (yi − η(xi))2 (as we know ηλ already mini-
mizes a form like this), we propose to use a summary that is function of absolute differences:
|η(x)− ηˆ(x)|. For consistency we use this summary for all models. The mean absolute error
N−1
∑N
i=1|yi − η(xi)| is a robust measure of predictive accuracy, it tends to prefer predictions
procedures that on average are reasonably good and is less sensitive to large deviations than
the square loss function.We propose the use of
1
N × σ
N∑
i=1
|η(χi)− [η(χi)|Y]| (3.18)
to compute and compare deviations from the real function and to measure variability of the
predictions around η for all models in Table 3.3. As the previous expression is a random
variable, we approximate the mean
MAPE :=
1
N × σE
[
N∑
i=1
|η(χi)− [η(χi)|Y]|
]
(3.19)
and its respective variability
SDMAPE :=
1
N × σ
√√√√Var[ N∑
i=1
|η(χi)− [η(χi)|Y]|
]
. (3.20)
for each combination of parameters of the simulated data and each of the 200 repetitions.
Above, MAPE stands for Mean Absolute Prediction Error. Estimation of (3.19) and (3.20) is
achieved using the realizations of [η(χi)|Y], computing (3.18) and finally obtaining the sample
mean and sample standard deviation.
Table 3.3.1 summarizes a part of the results for the computations of MAPE and SDMAPE.
This table summarizes the case for n = 100 and σ2 = 0.5. Column Avg M is the average
across 200 computed MAPE for each model, M 25 and M 75 are the 25% and 75% empirical
percentiles of these 200 computed MAPE. Avg SDM is the average of the 200 computed
SDMAPE with their respective 25% and 75% percentiles. Bold number for column M 25
indicates that the 25% percentile computed is larger than at least one of the 75% percentile
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Table 3.2 Part summary simulation results for MAPE and SDMAPE. Simulated data with
link function (3.17), n = 100 and σ2 = 0.5. Using 200 repetitions, Avg M is
the average of the computed MAPE, M 25 and M 75 are the 25% and 75%
empirical percentile of the 200 computed MAPE. Avg SDM is the average of the
200 computed SDMAPE with their respective 25% and 75% percentiles. Black
number for column M 25 indicate that the 25% percentiles computed with the
respective model is larger than at least one of the 75% MAPE percentile computed
for another model. Black numbers for column M 75 indicates that there is at
least one 25% percentile MAPE from another model that is larger than this 75%
percentile. Similarly for columns SDM 25 and SDM 75.
Model m Avg M M 25 M 75 Avg SDM SDM 25 SDM 75
Bayes Empcal GCV 2 0.96 0.86 1.04 0.10 0.09 0.1
Bayes Empcal GCV 3 0.96 0.83 1.09 0.14 0.11 0.16
Bayes Empcal GCV 4 1.06 0.9 1.14 0.19 0.15 0.22
Bayes Empcal RML 2 0.94 0.84 1.03 0.10 0.09 0.11
Bayes Empcal RML 3 0.96 0.82 1.08 0.15 0.12 0.17
Bayes Empcal RML 4 1.07 0.92 1.14 0.20 0.16 0.23
Bayes Empcal UERL 2 0.94 0.85 1.02 0.10 0.09 0.11
Bayes Empcal UERL 3 0.96 0.82 1.08 0.15 0.12 0.17
Bayes Empcal UERL 4 1.11 0.95 1.2 0.22 0.16 0.24
Full Bayes 2 0.94 0.84 1.03 0.10 0.09 0.11
Full Bayes 3 1.12 0.91 1.28 0.17 0.11 0.17
Full Bayes 4 1.51 1.34 1.59 0.15 0.11 0.17
Tensor TPS GCV 2 0.65 0.55 0.74 0.60 0.55 0.65
Tensor TPS GCV 3 0.87 0.67 0.98 0.84 0.7 0.94
Tensor TPS GCV 4 1.37 0.92 1.69 1.30 0.99 1.48
Tensor TPS RML 2 0.65 0.53 0.72 0.66 0.6 0.71
Tensor TPS RML 3 0.84 0.62 0.96 0.90 0.74 1
Tensor TPS RML 4 1.39 0.91 1.76 1.41 1.08 1.59
Tensor TPS UERL 2 0.66 0.56 0.76 0.62 0.57 0.66
Tensor TPS UERL 3 0.88 0.68 0.98 0.87 0.74 0.95
Tensor TPS UERL 4 1.43 0.91 1.77 1.34 1.02 1.51
TPS GCV 2 0.81 0.72 0.93 0.54 0.51 0.56
TPS GCV 3 0.78 0.64 0.9 0.66 0.61 0.71
TPS GCV 4 0.81 0.66 0.95 0.81 0.7 0.88
TPS RML 2 0.77 0.67 0.86 0.58 0.55 0.61
TPS RML 3 0.75 0.61 0.87 0.72 0.66 0.77
TPS RML 4 0.80 0.65 0.94 0.89 0.77 0.95
TPS UERL 2 0.78 0.69 0.88 0.56 0.54 0.58
TPS UERL 3 0.74 0.61 0.86 0.73 0.66 0.77
TPS UERL 4 0.81 0.65 0.94 0.96 0.82 1.04
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computed for another model; the graphical interpretation of boxplots in Figure 3.2 is that boxes
of these cases do not intersect. Bold numbers for column M 75 indicate that there is at least
one 25% percentile from another model that is larger than this 75% percentile for this specific
combination of parameters n = 100 and σ2 = 0.5. Complete graphical summaries for columns
Avg M, M 25 and M 75 are presented in Figure C.1. Similar graphical representations for
the last three columns of Table 3.3.1 are shown in Figures 3.3 and C.2 in Appendix C.
The striking features of this Table and its graphical displays (Figures 3.2, C.1) for the
MAPE columns is that the frequentist properties for the estimates of η as measured by (3.19)
seems to be similar within TTPS, TPS, and Empirical Bayes models regardless of the score
minimization criteria used to choose the smoothing parameters, with the exception of the Bayes
bandwidth method (Table (3.3)). The TPS models have as good estimates as the TTPS models
when the variance σ2 is not small (σ2 6= 0.12) and when comparing across different values of m.
This suggests at least for this example, that one smoothing parameter λ is enough to provide
similar estimates of η as when using five smoothing parameters {θi}5i=1 in the TTPS models.
The Full Bayes model performs in a similar way to the Bayes Empirical models in the
sense that there is not practical difference in the median of the MAPE for the 200 repetitions
when comparing across values of the parameter m for the same σ2. For the Full Bayes model
and the Bayes Empirical, we did not find practical differences for predicting in the square
[−2.25, 2.25]2. Similar conclusions hold comparing the predictions of the Bayes Empirical and
TTPS or with the TPS models. For now, we leave the comparison of the MAPE between the
Full Bayes model and the TTPS and TPS models until after we discuss the SDMAPE for the
Bayes Empirical models, TTPS and TPS.
The variability of the marginal posterior process [η|y] around η is positively related with
the SDMAPE and discussed now. The most striking feature in the last three columns of Table
3.3.1 and represented in Figure 3.3 and C.2, is that the average variability of the predictions of
η over the grid in the square [−2.25, 2.25]2 is not statistically significant or different between
methods to choose the smoothing parameters and within the models TTPS, TPS or Bayes
Empirical. For the cases shown in Table 3.3.1 and Figure 3.3, there is no statistically significant
difference in the average variability around η of the predictions in the grid for the TTPS and
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Figure 3.2 Boxplots part of the simulation results for the standardized mean absolute predic-
tive error (3.19) (MAPE) for the multivariate regression problem predicting over
the grid of resolution 0.05×0.05 inside the square [−2.25, 2.25]2. Observe that the
y-axis is in the log10 scale. The rows indicates the true observation-error variance
σ2. The columns indicate the degree of derivative m for the penalty in (2.23). The
models are described in Table 3.3. Complete simulation results appear in Figure
C.1.
TPS models (median of SDMAPE for 200 repetitions). For the few cases when there is a
statistical difference in the values of SDMAPE as seen in the appendix Figure C.2, that is to
say, for the cases when the predictions from the TPS have smaller variability than those from
the TTPS model as measured by the SDMAPE, the MAPE is statistically smaller for TTPS
than for TPS.
Based on the results of the point predictions for η and their variability around the true link
function η, we have shown evidence at least for this simulated setting that the TTPS and TPS
models are equally competitive, at least in a practical sense of predicting and extrapolating
in the square [−2.25, 2.25]2. For now, the advantage of TPS models over TTPS is that less
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computational effort is required to estimate the single bandwidth parameter λ for the TPS
model than the five bandwidth parameters {θi}5i=1 for the TTPS model.
We admit that a function f can always be constructed such that a TTPS model with five
smoothing parameters is required over the TPS model but, in similar way, another artificial
function g can be constructed such that the TTPS over fits the data. The construction would
follow from the criticism of Barry et al. (1986) that is mentioned in Section 2.1.1. For the
example function η (3.17) that was chosen without being influenced a priori by the form of the
models and that we use in this simulation study, it seems that both TPS and TTPS behave
practically equal when predicting.
Now that we have discussed the SDMAPE, we come back to the MAPE summary for the
Full Bayes model. The median of the MAPE over the 200 repetitions of the Full Bayes model
in comparison with the medians of the TTPS model or with the TPS model is statistically
larger. However, the difference is not clearly practical different as we argue now. While the
median value of the MAPE seems to be larger than with the TTPS or TPS models, the median
of the SDMAPE for these same cases of the Full Bayes model are large indicating that the
variability of the point predictions for the FullBayes model for each fitting, is large around
the true function. This large variability is observed because the Full Bayes model produce
larger pointwise credible intervals for [η(χi)|y] than any other model. In order to evaluate if
the credible intervals are too large we evaluate the empirical coverage of the credible intervals
produced by each model in Section 3.3.3.
Recall the interpretation of λ in the Full Bayes model, from Section 3.2.3, as nλ = σ
2
e
σ2c
. It is
possible that by providing a more informative prior over σ2c or σ
2
e or even changing the family
of the distribution of the priors for these variance parameters, the bias and the variability of
the predictions for η decrease. We did not pursue this objective.
3.3.2 Observation error variance summary results and discussion
The main objective of the models evaluated in this dissertation work is to predict reasonably
well evaluations of the target function. But the mechanism of estimating the link function
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Figure 3.3 Boxplots part of the simulation results for the standardized standard deviation
of the absolute predictive error (3.20) (SDMAPE) for the multivariate regres-
sion problem predicting over the grid of resolution 0.05 × 0.05 inside the square
[−2.25, 2.25]2. Observe that the y-axis is in the log10 scale. The rows indicates the
true observation-error variance σ2. The columns indicate the degree of derivative
m for the penalty in (2.23). The models are described in Table 3.3. Complete
simulation results appear in Figure C.2.
requires the estimation of the parameters of the variance σ2 of the errors {}ni=1. We summarize
in this section the means of the marginal posterior distributions of σ2.
Figure 3.4 present the boxplots of the means of the marginal posterior distributions for
σ2. Each boxplot is computed from the 200 simulated data sets and each combination of
parameters and model fitting. The vertical axis is the ratio between the estimated mean and
the true value of the variance. Although Figure 3.4 shown that only the Full Bayes models and
the Bayes Empirical GCV produce biased estimation of the variance, the more comprehensive
Figure C.3 reveals that in about half of the combination of parameters, the Bayes Empirical
models over-estimate the variance by a factor of 2 or 3 and in a few extreme cases (σ2 = 0.12),
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Figure 3.4 Mean marginal posterior of the observation-error variance parameter σ2. Each
column indicate the true observation-error variance σ2. The models are described
in Table 3.3. Observe that in the y − axis is plotted the ratio of the estimated
variance and the true variance; it is desired to have a ratio of 1, furthermore, the
y-axis is in the log10 scale and each plot has a different range of values.
by a factor of more than 10. The Full Bayes model produces more extreme biased estimator
of the variance of the errors. For these models, the credible intervals for σ2 obtained using
the marginal posterior distribution
[
σ2|y] are large and sometimes capture the true variance
parameter even in the extreme cases of overestimation. But, of course, large credible intervals
are not desired. We do not show any plot summary for the variance of credible intervals.
The TTPS models estimate extremely well the variance parameter σ2 through the mean
of the marginal posterior predictive distribution. The boxplots in Figures 3.4 and C.3 contain
always the value 1 even for two out of the three most difficult cases for estimating σ2 = 0.12.
Even when there seems to be bias in the estimation of σ2 = 0.12 with m = 2, the pointwise
credible intervals generated from
[
σ2|y] would capture 0.12 with an acceptable credibility level.
The TPS models overestimate the variance parameter in few cases, specially the case m = 2
and σ2 = 0.12. The over estimation is by a factor of 4 in the most extreme case but the rest of
the overestimation is at most by a factor of 1.5. In all cases, the pointwise credible intervals for
each repetition, case, and method to choose the smoothing parameters, covers the respective
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value of σ2 with the corresponding credibility level. We do not shown further summary of the
coverage of the credible intervals in this Section.
Clearly, the TTPS models produce the best estimation of the variance parameter from the
perspective of point estimates using the mean of the marginal posterior distribution
[
σ2|y], but
the TPS model also produces acceptable estimation in terms of pointwise credible intervals.
3.3.3 Empirical coverage of credible intervals from predictive posterior distribu-
tion for the target regression function and discussion
We evaluate now the empirical pointwise coverage of the credible intervals for η(χi) for all
χi in the grid and C-level pointwise credible intervals for each η(χi). For each independent
simulation j = 1, · · · , 200 define the variable
ξ
(j)
i =

1 if η(χi) is contained in the C% centered credible intval of Π(η(χi)|Y) from simulation j,
0 if η(χi) is not contained in the C% centered credible intval of Π(η(χi)|Y) from simulation j.
The random variables ξ
(j)
i ∼ Bernoulli(ρi) are Bernoulli distributed, and the random variables
ρi have the same expected value ζ ∈ [0, 1]. If the points {χi}Ni=1 where we try to predict η are
the observation points {xi}Ni=1 then the defined ζ is known as the average coverage probability
(ACP) (Wahba (1983)). Wahba estimates ACP using a single data set (j = 1) for the C% level
using the expression
ζˆ = ACP (C) :=
1
n
#
{
i : |η(xi)− ηˆλv(xi)| < zα/2σ2v
√
[A(λv)]ii
}
=
1
n
n∑
i=1
ξ
(1)
i , (3.21)
where zα/2 is the 1 − α/2 quartile of the standard normal distribution, α = 1 − C/100. The
ACP(C) (3.21) is obtained from a centered credible interval from Wahba’s Bayesian model
where the prior on σ2 is degenerately σ2v or equivalently σ
2 = σ2v is assumed and λ = λv. We use
the same definition of ACP for any grid {χi}Ni=1 and we estimate it using the credible intervals
from the marginal posterior distributions {[η(χi)|y]}Ni=1 or equivalently it can be estimated by
obtaining the sample mean of {ρi}Ni=1:
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ζˆ = ACP (C) =
1
N × 200
N∑
i=1
200∑
j=1
ξ
(j)
i
=
1
N
N∑
i=1
ρ
(j)
i .
(3.22)
It was investigated by Nychka (1988), in the setting of Wahba (1983) using large-sample
approximation theory and simulation, that (3.21) is close to the nominal. Nychka (1988) reports
“From a frequency point of view, this agreement occurs because the average posterior variance
for the spline is similar to a consistent estimate of the average squared error and because the
average squared bias is a modest fraction of the total average squared error. These properties
are independent of the Bayesian assumptions used to derive this confidence procedure”. In our
setting, we can only use the same arguments for the full conditional posterior distribution
[η|σ2,y, λ], as these arguments do not apply to the marginal posterior distribution and also
not to the Full Bayes and Bayes Empirical models. However, part of the explanation about we
obtaining similar results regarding to (3.22) being close to the nominal value for some models,
as we will describe, must follow Nychka’s arguments closely. Our purpose now is to evaluate
the nominal level achieved by each of the ρi for each combination of parameters and models,
and to test the nominal level achieved by ζ or ACP in our setting of bivariate regression with
different algorithms to choose the bandwidth parameters.
A graphical display obtained from the computation of the ρi over the grid in the region
[−2.25, 2.25] using the 200 simulated data sets is shown in Figure 3.5 for the credibility levels
95%, 65% and 35%. A more comprehensive example using TPS model and RML for the
bandwidth parameter is presented in Figure C.4. We would like that each ρi is close to the
respective nominal level.
Observe in Figure 3.5 and in the appendix Figure C.4, that the nominal level for the ρi’s
seems to be approximately achieved in the center of the region of estimation while the empirical
coverage decreases at the boundary of the regions of estimation. This effect is because we are
extrapolating in extreme parts of the regions of estimation. We may evaluate the change in the
empirical coverage distribution of the ρi’s as we reduce the area of prediction of the function to
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concentric smaller circles instead of on the square region [−2.25, 2.25]. The true function and
an example of observed values {xi} for Figure 3.5 are presented in Figure 3.1.
For each of the models in Table 3.3 and all combinations of the parameters m ∈ {2, 3, 4},
σ2 ∈ {0.12, 0.1, 0.55, 0.5, 1}, we computed the empirical coverages ρi of 95% credible intervals
from the respective marginal posteriors (left plot Figure 3.5). We summarize each plot as in
Figure 3.5 or C.4 using boxplots of the ρi’s. Each box in Figure 3.6 was computed from the
respective ρi. A more comprehensive summary is shown in the appendix Figure C.5.
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Figure 3.5 Level curves of the empirical coverage for the pointwise 95%, 65% and 35% credible
intervals using the Bayesian model with thin plate splines, m = 3, and smoothing
parameter λ chosen with the restricted maximum likelihood method. Each value in
the level plot is an estimate of ρi for the mean coverage of η(χi) in the grid {χi}Ni=1
using 200 different simulated data sets and computing the respective credible in-
tervals. Each data set was simulated with n = 100, σ2 = 0.5 and xi
iid∼ N2(0, I2).
The target function is described by (3.17) and plotted in Figure 3.1. Figure C.4
shows a more complete simulation for the credibility levels C = 95%.
The first and most evident feature about Figure 3.6 is that for most of the models and
methods to choose the smoothing parameters, ζˆ is close to the nominal value 95% given that the
boxes contain the value 0.95. The center 50% of the ρˆi’s, in most cases, are within 20% points
of the nominal value 0.95; or that the center 50% of the ρˆi’s are in the interval (0.78, 0.98).
The few cases shown in this Figure are not enough to explain the distribution of pointwise
coverages, so that we must observe the more comprehensive Figure C.5 in the appendix.
Let us first consider the cases when the simulated data was generated with σ2 > 0.1. We
can say that the ζ is close to the nominal value and the center 50% ρi’s are fairly close the the
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nominal value as well, around 20% points. For the rest of the ρi’s, the ones contained in the
whiskers, we have a diverse range of cases, some of them are about 30% points from the nominal
level while some others have a empirical coverage as low as 25%. The ρi’s that are considered as
outliers could have a value as low as 10% or 0%; of course these ρi’s correspond to the regions
of estimation where we are extrapolating the function far away from the observed data. It may
be surprising that the TTPS models provide fairly good pointwise empirical coverage, observe
that the whiskers of the boxes for these cases are rarely below 50% and in most of the cases
they are above 60%.
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Figure 3.6 Boxplots partial simulation results, empirical coverage of pointwise 95% credible
intervals for prediction of multivariate regression functions. Each box is the sum-
mary of the empirical coverages {ρˆi}Ni=1. ρˆi ∈ [0, 1] is the empirical coverage of the
95% pointwise credible interval for the prediction of η(χi) computed after fitting
the model to 200 different simulated data sets. The vectors {χi}Ni=1 ⊂ R2 form a
grid of resolution 0.05×0.05 in the square [−2.5, 2.5]2. Complete Results in Figure
C.5.
If m < 4 and the simulated data were generated with σ2 ≤ 0.1 there is statistical evidence
that ζ is different (smaller) than the nominal value for most of the cases. In the cases in which
we do not have evidence to reject ζ = 0.95 against ζ < 0.95, we have large variability in the
pointwise empirical coverage. Again, the TTPS models provide less variability on the ρi’s.
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The cases m = 4 and σ2 ≤ 0.1 have their one story in terms of empirical coverage, but in
practice we would probably not choose such smooth models with m = 4 to predict η because
these produce the worst predictions and largest variability in the predictions as we discussed
from Figures 3.2, 3.3, C.1 and C.2. Hence in a model selection procedure we would prefer
models with m < 4.
In general we observe that the ACP, ζ, is close to the nominal value in this simulated
example, but we cannot always trust the pointwise empirical coverages to have the nominal
levels and, in any of the simulated cases, at most we can expect that half of the pointwise
credible intervals have a coverage fairly close to but smaller than the nominal value. Similar
results can be observed in plots C.6 and C.7 where pointwise 60% and 35% credible intervals
for the predictions η(χi) were computed and the respective coverages were estimated.
We have described the empirical coverage of the pointwise credible intervals for η estimated
over the square [−2.25, 2.25]2. As was mentioned before, the square was chosen because it would
contain about 98% of the covariates from the simulated data generated using N2(0, I2). Because
of this large area of prediction, we have included in our discussions the credible intervals from
extrapolation. Next, we reduce the area of estimation of η and compute the empirical coverages
for predictions in centered circles around 0 ∈ R2. We chose the circles of estimation with radius
r in a way that they contain about α% of the covariates {xi}ni=1 generated with the bivariate
standard normal distribution. The radius r and α have the relationship P (z ≤ r2) = α with
z ∼ χ2(2) (chi square distribution).
We analyze the distribution of the empirical coverages ρˆi’s of the credible intervals in these
regions as α changes. Plots 3.7 and 3.8 show some of the estimation results. Both sets of
boxplots were computed using m = 3 in all models and the data generated have a variance
error component of σ2 = 0.5, 95% credible intervals for the first graphs and 60% credible
intervals for the second graphs. More complete results are shown in the appendix Figures C.8
and C.9 which contain the information of the previous Figures and more. Using the same
setting as Figure C.9, we show Figure C.10 but now the covariates generated and used for the
second set of boxplots were simulated using σ2 = 0.12.
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Sequence Empirical Coverage As Function of Elipse of Integration
95% Credible Intervals
Figure 3.7 Sequential empirical coverage of pointwise 95% credible intervals. Ellipse is the
ellipse region in R2 that would contain about α × 100% of the points generated
from a standard bivariate normal distribution. α = Phi(Ellipse). Each box is the
the summary of the empirical coverages ρˆi’s for 95% pointwise credible intervals
for the values of η(χi) and χi in the ellipse region. The sequence is in the sense of
observing the distribution of the ρˆi’s as α changes. The horizontal red line has a
value in the vertical axis of 0.95. The simulated data were obtained using σ2 = 0.5
and the models were fitted using m = 3.
As one can expect when the region of estimation is smaller and is less likely that we are
extrapolating (as α decreases, α = Phi(Ellipse) in figures), the certainty of the prediction
increases. This property is inherited from the mean of the full conditional posterior of the
process η which was constructed with a non-parametric regression method. The method we
are using takes advantage of the unbiased estimation of the thin plate splines and tensor thin
plate splines which is reflected in the credible intervals being centered in the respective value
η(χi). But that the empirical coverages ρˆi’s of the intervals are closer to the nominal value
as Phi(Elipse) decreases is a property of the model as a whole. Observe that the extreme
whiskers of the boxplots get closer to the nominal value as Phi(Elipse) decreases, especially
for the TTPS and TPS models, implying that the pointwise credible intervals for η(χi) have
the approximate nominal coverage only for small-medium α. From the box plots, α should
be smaller of about 0.5 but α should become smaller as n decreases in order to have a fairly
66
close empirical coverage to the nominal value; it is expected that the non-parametric regression
methods estimate incorrectly when n is small. The Full Bayes model produces specially under-
covering credible intervals when n = 50.
l
l
l
l
l
l
ll
ll
l
l
ll
l
l
l
l
l
l
ll
ll
l
l
ll
l
l
ll
l
l
l
l
l
l
l
l
ll
ll
l
ll
ll
l
ll
l
l
l
l
l
ll
ll
l
l
l
l
l
l
l
ll
l
llll
l
l
l
l
ll
l
l
l
llll
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
lll
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
ll
l
l
ll
l
l
l
l
l
l
l
l
l
l
ll
l
ll
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
ll
l
l
ll
l
l
l
l
l
l
ll
l
l
ll
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
ll
ll
l
l
ll
lll
ll
llll
lll
ll
ll
ll
ll
l
ll
lllll
l
ll
lll
l
lll
l
l
l
ll
l
ll
l
ll
ll
l
l
l
ll
l
ll
ll
l
l
ll
ll
l
l
l
ll
l
ll
ll
l
l
lll
ll
ll
ll
l
l
ll
l
ll
ll
l
l
lll
ll
l
l
l
ll
l
ll
l
ll
ll
lll
ll
l
l
l
l
l
l
ll
l
l
ll
l
ll
lll
ll
l
l
l
l
ll
l
l
l
ll
l
l
l
l
l
l
l
l
l lll
l
l
ll
l
ll
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
lll
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l l
l
l
l
ll
l
l
l
l ll
l
l
l
l
l
l
ll
l
l
l
l
ll
l
l
l
l
l
l
ll
l
ll
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
llll
l
l
l
l
l
l
l
l
l
lll
l
ll
ll
l
l
l
l
l
l
l
lll
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
lll
l
l
l
ll
l
l
llll
l
l
l
l
ll
l
l
l
l
l
ll
lll
ll
l
llll
ll
lll
ll
l
llll
l
ll
l
lllll
l
ll
l
lllll
l
l
l
ll
llll
ll
l
l
l
llllll
ll
ll
ll
llll
lll
l
l
ll
llll
l
ll
llllll
llllll
lll
ll
l
ll
ll
l
l
l
l
l
l
l
l
l
ll
ll
ll
ll
l
l
l
l
l
l
l
l
l
l
ll
l
ll
l
l
l
l
l
l
l
l
l
l
l
ll
l
lll
l
ll
l
l
l
l
l
l
l
l
l
l
l
ll
l
lll
l
l
l
l
l
ll
l
ll
l
l
l
l
l
ll
l
lll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
lll
l
lll
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
ll
l
ll
lll
l
lll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
ll
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
llll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
ll
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
ll
l
l
lll
l
l
l
l
l
l
l
l
l
l
l
l
lll lll
l
l
lll
l
l
l
l
lll
l
l
l
ll
l
l
lll
l
l
l
ll
l
l
l
ll
l
l
l
l
ll
l
l
l
ll
l
ll
l
l
ll
ll
ll
l
l
l
ll
l
ll
l
l
l
l
ll
ll
l
l
l
ll
l
ll
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
ll
l
ll
l
l
l
l
l
l
ll
l
l
l
l
ll
l
l
l
ll
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
ll
l
l
ll
l
l
ll
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
ll
l
l
l
ll
l
ll
ll
l
l
l
l
l
lll
l
ll
l
l
ll
l
ll
ll
l
l
l
l
ll
l
l
lll
ll
llll
l
ll
ll
l
l
l
l
ll
l
l
l
l
l
lll
l
l
lll
l
l
l
l
l
l
ll
l
l
l
ll
ll
l
l
ll
l
ll
l
l
l
ll
l
l
l
ll
l
l
l
ll
ll
l
l
l
l
l
ll
l
l
l
l
ll
l
l
l
ll
l
lll
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
lll
ll
l
l
l
l
ll
l
l
l
ll
l
l
l
l
l
l
l
ll
l
ll
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
ll
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
lll
l
ll
l
l
l
l
l
l
l
l
l
ll
l
l
ll
l
l
l
l
l
ll
ll
ll
ll
l
l
llll
ll
l
l
ll
l
llll
ll
l
l
lll
l
l
l
ll
l
ll
l
ll
l
l
ll
l
l
lll
l
l
l
ll
l
ll
l
ll
l
l
l
lll
ll
l
l
lll
l
l
l
ll
l
ll
l
ll
l
l
l
lll
ll
l
l
lll
l
l
l
ll
l
ll
l
ll
l
l
l
lll
ll
l
l
l
lll
l
l
l
ll
l
ll
l
ll
l
l
l
lll
ll
l
ll
l
l
l
l
lll
l
l
l
ll
l
ll
l
ll
l
l
l
lll
ll
l
ll
l
l
l
l
l
l
l
l
llll
l
ll
l
ll
l
l
lll
ll
l
ll
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
lll
ll
l
ll
l
ll
l
l
ll
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
ll
l
ll
ll
l
l
l
l
l
l
ll
l
ll
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
ll
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
ll
l
l
ll
l
l
ll
l
ll
l
l
ll
l
l
l
l
l
l
ll
l
l
ll
l
l
l
l
l
l
l
ll
ll
l
l
l
l
l
l
ll
l
ll
ll
l
l
l
l
ll
l
ll
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
ll
l
ll l
ll
l
l
ll
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
ll
ll
l
l
ll
l
l
ll
ll
l
l
l
l
ll
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
Bayes Empcal RML Full Bayes Tensor TPS RML TPS RML
n
=100
n
=400
n
=800
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95
0.0
0.2
0.4
0.6
0.8
0.0
0.2
0.4
0.6
0.8
0.0
0.2
0.4
0.6
0.8
Phi(Elipse) (from bivariate normal standard)
Em
pi
ric
al
 C
ov
e
ra
ge
Sequence Empirical Coverage As Function of Elipse of Integration
60% Credible Intervals
Figure 3.8 Sequential empirical coverage of pointwise 60% credible intervals. Ellipse is the
ellipse region in R2 that would contain about α × 100% of the points generated
from a standard bivariate normal distribution. α = Phi(Ellipse). Each box is the
the summary of the empirical coverages ρˆi’s for 95% pointwise credible intervals
for the values of η(χi) and χi in the ellipse region. The sequence is in the sense of
observing the distribution of the ρˆi’s as α changes. The horizontal red line has a
value in the vertical axis of 0.60 indicating the nominal coverage. The simulated
data were obtained using σ2 = 0.5 and the models were fitted using m = 3.
We computed and analyzed the empirical coverage of credible intervals with different levels.
We only show here and in the appendix the sequence coverages for the 95% and 60% credible
intervals but we also computed the same summaries for a finer grid of values for the credibility
level C. For the TTPS and TPS models and any method to choose the smoothing parameters
we found similar behavior of the empirical coverages regardless of the levels of the intervals
when the variance error σ2 of the response yi’s is not too small (> 0.1
2). For σ2 = 0.12
the intervals from TTPS and TPS models have undercoverage in such degree that not even
ζ is close to the nominal value for any value of α, the undercoverage becomes more extreme
as σ2 decreases. We observe a variety of more extreme undercoverage and overcoverage with
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the pointwise credible intervals and ζ when using the Empirical Bayes models and Full Bayes
models as σ2 decreases and for moderate or small sample sizes. The behavior of the credible
intervals was hinted at but not evident in Figures 3.6, C.5, C.6 and C.7. The apparent reason
for the undercoverage of the credible intervals with TPS and TTPS regardless of the region of
estimation (size of α) is that when σ2 is small we have a fairly good estimation of the function η
but the model is overconfident about the estimation and the posterior variance of every η(χi) is
too small. For now, we did not find a way to modify the variability of the posterior predictive
to fix the undercoverage of the credible intervals and preserve the interpretation of the full
conditional pointwise estimation as a non parametric regression.
3.4 Conclusions
We reviewed thin plate splines, tensor thin plate splines and linear mixed models to obtain
multivariate nonparametric regression methods with normal responses. We reviewed literature
for approximation algorithms to faster compute the non parametric regression methods and we
used these with four different techniques to choose the bandwidth parameters. We described the
frequentist interpretation of all our Bayesian regression methods related to the minimization of a
least squared penalized problem; a non-parametric regression method in the frequentist setting.
We claim and proved that our estimators of the multivariate regression function, have the same
theoretical properties to predict the link functions as the non-parametric regression method.
The advantage of our proposed methods is that, besides providing good point estimators, we are
able to produce credible intervals for predictions of η. Furthermore we show that our method
has the advantage of requiring less storage of the realization of the posterior parameters needed
for prediction in relation to other similar Bayesian models.
We set a large simulation study to describe and compare the performance of all the Bayes
models to predict the regression function η of two continuous covariates and to study the
coverages of the point credible intervals for η evaluated in different regions of the domain. We
varied sample sizes and variance errors in the response.
We found that the TTPS and TPS models produce better predictions for the link function
using the mean of the posterior predictive distribution and estimate better the variance error
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component than the rest of the models. There is no evidence of differences in the performance
of predictions within models when using different selections for the bandwidth parameter. We
did not find significant difference in the average variability of the predictions around the true
function using the variance of the posterior predictive distributions.
The TTPS and TPS models show unbiased estimation of the variance error but only when
the sample size is not too small. It is not a surprise that the methods do not perform well
for small sample sizes because we are using nonparametric regression methods for the mean
of the posterior predictive distribution of η. Poor estimation of the link function induce bad
estimation for the variance error parameter. We found as well that for σ2 to be estimated using
any model, it is required that the sample size n increases as σ2 decreases. In the opposite cases
when σ2 is small and the n is not sufficiently large, the minimum of the realizations of the
corresponding posterior distribution were always larger than σ2. This is equivalent to say, at
least from the empirical perspective, that 100% of the empirical credible intervals for σ2 (not
shown in this dissertation) never contained the real value of the variances. It is unfortunate
to find this bias in the estimation of the variance produced by all models, but it is a property
coming from the rate of covergence of the non parametric methods requiring large sample size.
In the study of the pointwise empirical coverage for the prediction of η we found as well
that the average empirical probability ACP is not close to the nominal level when the variance
of the errors is too small regardless of the area of prediction. But the TTPS and TPS models
seems to produce ACP closer to the nominal value faster than the rest of the models as n
increases.
Problem 10 What is the rate at which the ACP is the nominal value as n increases? does it
converge to the nominal value? what happens as σ2 → 0 and n→∞.
An important feature was observed regarding the coverage of the credible intervals, as these
can not be trusted to obtain the nominal level unless the area of prediction is really within the
observed covariates (within a radius of 1.2 to the center of the observed covariates in our setting
of simulated data, the area corresponds to a region covering about 50% of the data generated
from a bivariate standard normal distribution), n > 100 and σ2 > 0.1. Within this area, about
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80%−90% of the credible intervals have an empirical coverage close to the nominal value. One
cannot expect the credible intervals in areas of extrapolation to have coverages close to the
nominal value but it is necessary to predict within the region of observed data in order to have
the desired coverage. Even while all models have these properties, the Full Bayes model has
specially more deviation from the nominal level to the degree that not even the ACP is close
to the nominal value. The Bayes Empirical seems to have less such deviations than the Full
Bayes and is similar to the TTPS and TPS models.
The deviation from the nominal coverage of the credible intervals are in both directions
with a tendency of the TTPS and TPS models to undercover. The other two models tend to
produce large credible intervals such that they have overcoverage in the case n ≤ 100 and to
produce undercovering credible intervals when n > 100.
By the observed results of the simulations, we have provided numerical evidence, at least
for the study setting, that the TTPS and TPS models produce better predictions with similar
variability on the predictions. The credible intervals for η when using these models preserve
the nominal average coverage probability, but the individual intervals do not have the nominal
level unless the area of prediction is well within the observed data. We discussed that the
TTPS produce better point predictions for η and both methods have similar variability on the
predictions. Both models have similar coverages of the credible intervals with the TTPS having
a slightly better statistical performance, but as we argued, the difference in the performance
of the predictions is not a practical one. We argued that, even when there are statistically
significant differences, such differences seem to be of no practical importance: both models
produce predictions that detect the general form of the function and the small features of the
target function at a similar degree.
The original objective of this chapter was to set the foundations to estimate the link function
in a regression problem with errors in the covariates. For the error in the covariates problem,
we needed models that can be computed fast and produce good estimation. In Chapter 4,
we will theoretically extend the models compared in this chapter to the case with error in the
covariates setting, but we choose the TPS model for the task of performing estimation. We
found here that the best model to predict in our simulation setting was the TTPS, but this
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model has the computational disadvantage of requiring to estimate five smoothing parameters
while the TPS model requires only one bandwidth parameter. Given our conclusions that there
is no practical difference in the performance of the predictions between these models, we pick
the TPS model to extend to the regression problem with measurement errors in the covariates.
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CHAPTER 4. BAYESIAN MODEL USING THE APPROXIMATED
SOLUTION FOR THE PENALIZED LEAST SQUARES MINIMIZATION
PROBLEM IN PRESENCE OF CLASSICAL MEASUREMENT ERROR
A practical example of measurement error in variables arrives in the context of biomark-
ers. It is known that vitamin D status is associated with bone health, but the mechanism by
which vitamin D acts on bones is not completely understood. It is common that researchers
work with panel data. For example, panel data of serum bio-marker for vitamin D status,
25-hydroxy D (25(OH)D) and hormone iPTH concentration can be collected for different pa-
tients over a long period of time. The iPTH concentration is an indicator of bone health:
large serum concentrations of iPTH are associated with poor skeletal health. A question of
interest in nutrition epidemiology is how to determine the optimal level of vitamin D status
given information on iPTH. By estimating the joint density or the regression function of the
biomarkers it is possible to achieve this objective. Due to data collection, additive errors are
evident in the measurements of the biomarkers: measurement of the same biomarker on the
same person but on different days exhibit large variability caused by, for example the daily and
seasonal variability of an individual’s diet. Such errors in the measurements cannot be ignored
if a reliable density estimation or regression is desired.
Another example of measurement errors is found in relating error-prone predictors such
as systolic blood pressure (SBP) to the development of coronary heart disease (CHD). It is
known that SBP is measured with error due to the method of collecting the data, and esti-
mates from literature suggest that approximately one third of its observed variability is due to
measurement error. In measuring nutrient intake, measurement errors is of concern, impacting
on the ability to detect nutritional factors leading to cancer, especially colon and breast cancer.
Typical cohort studies measure diet using food frequency questionnaires which, while related
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to long term diet, are known to have measurement errors. The failure to account properly for
the measurement errors leads to misleading conclusions based on falsely detected statistical
significance.
The regression problem with measurement error in the covariates with additive errors in
the classical sense is the integration of the usual regression problem, but instead of observing
a training set {(xi, yi)}ni=1, the available data is of the form {(wi, yi)}ni=1 with wi = xi + δi, δi
are the measurement errors with E(δi|xi) = 0, and xi and δi are independent. The unobserved
x is called the latent variable and the observed w is called proxy variable. The regression
function depend on the latent variables and may depend on the proxy covariates as well.
Repeated observations of the covariates measured with errors
{
{wij}nij=1
}n
i=1
may be available
and sometimes necessary for identification reasons. For example, if the regression function
is assumed to be linear, and the latent variables are not necessarily normal, then the model
without repeated proxy observations is identifiable; or if xi has normal distribution but neither
wi nor δi are divisible by a normal distribution, then the model is still identifiable even without
repeated observation of the proxy variables, see (Geary (1941); Reiersøl (1950)). In the case
of nonlinear regression but known form of the target function and errors in the covariates
with vector-valued regressors x, conditions for model identifiability are not known. Schennach
et al. (2007) show that in the case of a scalar covariate x, the model is identifiable unless the
regression function is of the ”log-exponential” form. To the best of our knowledge, there are
no general conditions for the regression problem with measurement errors when the regression
function is not assumed to have a known form. This setting needs to be studied case by case.
The importance of modeling the measurement errors in the regression problem from theo-
retical point of view is evident even in the simplest of cases, (Hausman (2001); Fuller (2009)).
For example, the simple linear regression model, assuming V ar(xi) = σ
2
x, when applied naively
in the presence of measurement errors with V ar(δi) = σ
2
w, the model produces inconsistent
estimation of the slope β as βˆ
n→∞−→ β
1+
σ2w
σ2x
Fuller (2009). In the limit, the naive least square
estimate βˆ is smaller than the true population slope, an effect called attenuation. This effect
is illustrated in Figure 4.1.
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Figure 4.1 Naive linear regression with measurement errors in the covariates. Data simulated
using the model yi = 1+2xi+i, i
iid∼ N(0, 1.22) and wi = xi+δi with δi iid∼ N(0, 1).
The pairs {(wi, yi)}30i=1 are shown in the graph. The black line without bands is the
true regression function, the regression line Error Free is the usual least squares
regression with pointwise confidence bands while Naive with Error is the fitted
regression model using the contaminated values of X, W . Plot computed using
software ggplot2, function smooth Wickham (2009).
There has been, during the last 30 years, a large amount of effort to solve the problem
of regression with errors in the covariates. Most of the studies focus on labeled data with
standard structure. The settings range from linear regression to nonlinear with known func-
tion, nonparametric regression using kernel and deconvolution methods (Stefanski and Carroll
(1990)), or methods that estimate the latent covariates such as the EM algorithm or Bayesian
approaches. The later two methods use covariates estimates jointly with spline functions. As-
sumptions on the distributions of the response range from normal distribution with any type
of assumption on the regression function to generalized linear regression. With respect to the
type of measurement errors, we have found a variety of settings, such as the classical setting
(which we have mentioned), the Berkson type measurement error, multiplicative errors, or er-
74
rors described with known functions. Some examples of the works we found are cited here:
Carroll et al. (1984); Stefanski (1985); Stefanski and Carroll (1985); Prentice (1986); Stefanski
and Carroll (1987); Schafer (1987); Carroll and Hall (1988); Liu and Taylor (1989); Fan (1990,
1991); Berry et al. (2002); Ruppert et al. (2003); Fuller (2009).
In Sections 4.1, we describe the setting of the regression problem we will consider. In Section
4.2 we describe the models we propose with the proof to all our claims. In order to understand
some of the Properties we were not able to proof, we set a simulation study in Section 4.4.
Finally, in Section 4.5 we describe regression a model with errors in the covariates and repeated
observations in the response.
4.1 Preliminaries
Throughout this chapter, we assume the response variable is univariate normally dis-
tributed. We have observations of the continuous covariates x with errors in the classical
sense, w = x + δ with repeated observations w. The regression function may depend on more
than one continuous variable, that is to say that x ∈ Rd.
Let the training set {(wi,1, · · ·wi,ni , yi)}ni=1 be observed. Without loss of generality we take
nw := ni for i = 1, · · · , n. We assume the following data generation process
yi = η(xi) + i
wi,j = xi + δi,j
δi,j |xi iid∼ Nd(0,Σw)
i|xi iid∼ N(0, σ2),
i ⊥ xi,
(4.1)
for an unknown function η without necessarily assuming a form, but we assume that η ∈ H? ⊂
H, with H a RKHS and H? is space of functions of finite low dimension as in Section 2.2. The
covariance matrix Σw and variance σ
2 are unknown but will be estimated. The assumption of
normality on δi,j |xi and nw = 1 makes the model no identifiable, thus, the condition nw > 1 is
required.
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The algorithms and methods we propose were strongly inspired by the univariate non para-
metric Full Bayes regression setting in Berry et al. (2002). Berry et al. (2002) proposed three
models to estimate a univariate regression function using a Bayes model without assuming a
specific form on the regression function. Estimation of the regression function η are achieved
using the posterior predictive distribution of η, which conditional to all rest of parameters is
a Gaussian process. The problem of choosing the smoothing parameter λ is tackled observing
that a linear mixed model can be used as an interpretation of a non parametric regression
method. In this way, λ is proportional to the ratio of two variances: the error response vari-
ance, and the mixed effect variance. Berry et al. (2002) assigned priors to the variances and the
estimation of smoothing parameter follows using standard Bayesian methods. Our Bayesian
model from previous chapter is similar to Berry’s best model, (out of the three they study),
conditional to the unobserved covariates {x}ni=1. We extend the model to the multivariate case
using thin plate splines. Furthermore, Berry et al. (2002) implicitly use the full form of the
solution to a functional minimization problem in a Hilbert space in order to set the mixed
effect linear model. We use an approximation to the solution. This approximation is a trade
off between extending the model to the multivariate setting and exploring different methods to
choose the smoothing parameters. The degree of the approximation is controlled by a unique
parameter. which is user defined, so that the approximated solution converges to the exact so-
lution. The form of the solution is fully described by Theorem (52) (the Representer Theorem)
as explained in Chapter 2.
Based on the results and discussion of the simulation study presented in Sections 3.3 and
(3.4), we do not continue using a full Bayesian multivariate version of Berry model, but instead
we use a model related to the approximated solution by means of thin plate splines. Neverthe-
less, the discussion and results presented here can be analogously extended to the Berry et al.
(2002) Full Bayes model, to the tensor thin plate splines models previously discussed or to any
spline regression.
Most of the theoretical foundations needed for this Chapter and interpretations were already
explained in Chapters 2 and 3 with details available in appendix A, B and D. What remains
to be done is to state and prove our main theoretical result to fit a non-parametric function
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with repeated observations on the covariates measured with errors. A simulation study is set
to understand the properties of the proposed model.
As in previous chapters, we are mixing the philosophy of Bayesian statistics and frequentist
statistic in our discussions. We are indeed assuming that there is a deterministic function η
and deterministic parameters that we try to estimate but we are using Bayesian methods to
do so. For example, we use a process defined by a set of distributions [η|y,W] to estimate
the true function η, and the nomenclature is suggestive to indicate that we use this process to
estimate η. Similarly for the rest of the parameters in the models.
4.2 Main Theoretical Result
In Proposition 6 we described a Bayes model to estimate the multivariate regression func-
tion without measurement errors in the covariates. The interpretation of the fitted regression
function from the previous result is that the process defined by the regression’s full conditional
posterior has a mean that approximately solve the functional minimization problem 1.1 in a
previously chosen RKHS with its respective induced norm J . We now use this result as a step
to generalize the regression model and to deal with the problem in the presence of errors in the
covariates. The interpretation of the full conditional posterior process is preserved. We state
that the full conditional posterior defines a Gaussian process whose mean function approxi-
mates the solution to problem (1.1) conditionally on {xi}ni=1. We use a process defined by the
posterior distribution to estimate the function that relates the latent variables and the response.
The rest of the parameters are estimated using the posterior distribution. The proposed model
is fully described in Proposition 11.
Proposition 11
Let H be a reproducing kernel Hilbert space (RKHS ) of functions with domain Rd and rank
in R. Let J the square semi-norm induced by the semi-inner product of H which has a null
space of finite dimension with basis {ψi}li=1, let RJ the reproducing kernel of H. Consider
{(xi, yi)}ni=1 ⊂ Rd×R. We do not observe {xi}ni=1 instead, we observe noisy repeated measure-
ments {{wij}nwj=1}ni=1 (with out lost of generality nw does not depend on i) with wij = xi + δij
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and δij |xi iid∼ Nd(0,Σw). The labels i and j are known. Let Z := {zi}ki=1 ⊂ {xi}ni=1 =: X,
d := (d1 d2 · · · dl)ᵀ ∈Ml×1(R), c := (c1 c2 · · · ck)ᵀ ∈Mk×1(R). Consider the model
yi = η(d
c
)(xi) + i,
η(d
c
) = l∑
i=1
diψi +
k∑
i=1
ciRJ (zi, ·)
i|xi iid∼ N1(0, σ2).
Let λ|X > 0, and Q ∈Mk×k(R) with entries Qi,j = RJ (zi, zj), S|X ∈Mn×l(R) with Si,j |X =
ψj(xi) full column rank, R|X ∈ Mn×k(R), Ri,j |X = RJ (xi, zj), M |X = RQ+Rᵀ + nλIn,
mx > 0. Consider the priors
di
iid∼ 1,
c|σ2, λ ∼ Nk
(
0,
σ2
nλ
Q+
)
,
P(λ ≥ λ0|X = x, σ2 = s2) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
U(x|y,X = x, σ2 = s2)
}
dFy|X=x(y),
(4.2)
σ2 ∼ Inv −Gamma(A, B),
xi|µx,Σx iid∼ Nd(µx,Σx), i = 1, .., n,
µx|Σx ∼ Nd(dx,m−1x Σx),
Σx ∼ Inv −Wishart(Ax, bx),
Σw ∼ Inv −Wishart(Aw, bw),
d|X ⊥ c|X, d|X ⊥ σ2|X, ( dc )|X ⊥ (1 · · · n)ᵀ |X.
Unless stated otherwise the rest of the parameters have independent priors. Alternatively, we
could assign either of the following conditional priors to λ:
P(λ ≥ λ0|X = x) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
V(x|y,X = x, α = 1.4)
}
dFy|X=x(y), or (4.3)
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P(λ ≥ λ0|X = x) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
M(x|y,X = x)
}
dFy|X=x(y). (4.4)
Then the joint posterior of the parameters exists and the full conditional posteriors are
• ( dc )|y, σ2, λ, X ∼ Nl+k (µdc, σ2nλΣdc), where
µdc =
(
(SᵀM−1S)−1SᵀM−1
Q+RᵀM−1(I−S(SᵀM−1S)−1SᵀM−1)
)
y
Σdc =
(
(SᵀM−1S)−1 −(SᵀM−1S)−1SᵀM−1RQ+
−Q+RᵀM−1S(SᵀM−1S)−1 Q+−Q+Rᵀ{M−1−M−1S(SᵀM−1S)−1SᵀM−1}RQ+
)
• σ2|y, ( dc ), X ∼ Inv −Gamma
A + 12n,
[
B−1 +
1
2
∑n
i=1
(
yi − η(d
c
)(xi))2]−1
,
•
xi|y,
(
d
c
) ∝ [yi|, σ2,xi] nw∏
j=1
[wij |xi,Σw] [xi|µx,Σx]
= exp
{
− 1
2σ2
∥∥∥∥yi − η(d
c
)(xi)∥∥∥∥2 − 12(xi − µx)′Σ−1x (xi − µx)
}
× exp
−12
nw∑
j=1
(wij − xi)′Σ−1w (wij − xi)
 ,
• Σw|y,x1, · · · ,xn,Σx ∼ Inv −Wishart [Aw +AA′, nnw + bw]
where A = [x1 −w11..x1 −w1nw · · ·xn −wn1..xn −wn,nw ],
• µx|y,Σx,x1, · · · ,xn ∼ Nd
[
Σ−1x (nx¯ +mxdx) ,
1
n+mx
Σx
]
, with x¯ = n−1
∑n
i=1 xi,
• Σx|y,x1, · · · ,xn = Inv −Wishart
[
Ax + nS +
nmx
n+mx
(x¯− dx)(x¯− dx)′, n+ bx
]
where S = n−1
∑n
i=1(xi − x¯)(xi − x¯)′,
• (λ|y = y,X = x, σ2 = s2) = arg minx>0 U(x|y = y,X = x, σ2 = s2) almost surely.
If the other priors on λ depending on V or M, (4.3) or (4.4) were assigned, the cor-
responding full conditional posterior distributions are:
(λ|y = y,X = x) = arg min
x>0
V(x|α = α0,X = x,y = y) almost surely, or (4.5)
(λ|y = y,X = x) = arg min
x>0
M(x|,X = x,y = y) almost surely. (4.6)
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Proof.
The existence of the posterior would be direct if all the priors were proper but since we decided
to assign an improper prior to the vector d this is not the case. The proof is tedious but
direct. The rigorous steps follow the lines from Proposition 6 and Section 3.2.1 which uses
Propositions 72 and 74. Lets denote Θ =
(
dᵀ, cᵀ, σ2 Σw, µx,Σw, λ
)ᵀ
. By the same arguments
as in Proposition 6, it can be shown that the posterior exists and it is written as
[Θ|y, W] ∝ [y|( dc ),X, σ2, ]× [W|Σw X]× [( dc )|σ2, X, λ]× [λ|σ2,X]
× [X|µx,Σx]× [µx|Σx] [Σw] [Σx]×
[
σ2
]
.
By writing explicitly the posterior distribution, reordering terms, using the conjugacy property
of the inverse Wishart distribution with respect to the multivariate normal distribution, com-
pleting terms, we found the full conditional posteriors distributions. The process is tedious but
the non trivial arguments, conditional to X, were derived in Section 3.2.1.
One of the main focus of this dissertation is the estimation of the regression function η,
but the rest of the parameters need to be estimated as well. Observe that the full conditional
posterior of d and c in Proposition 11, which are used directly to estimate η, depends on σ2.
A good estimate of σ2 is thus required. We decided to use a prior inverse-gamma [σ2] because
of the conjugacy of the distribution. This prior leads to a full conditional posterior on σ2 that
depends on an “average” of the differences of the observed yi’s and the current estimate of
η evaluated at the current estimates of {xi}ni=1 of η, and consequently computing a “mean
squared error” expression. On the other side, the smoothing parameter λ is conditionally
chosen to the current estimates of the latent variables, by minimizing the score functions U ,
V or M that approximate a weighted sum of the mean squared error and a penalty term.
These considerations lead to evidence that the full conditional estimate of σ2 may be biased
in the sense that the mean of the marginal posterior [σ2|y,W] is not the true parameter σ2.
In an attempt to improve the overall estimation by a priori improving the estimation of σ2,
we can use methods which main focus is to estimate is to estimate this parameter in the
classical regression problem. One type of frequentist methods is to provide estimators for the
variance by providing an estimator for the regression function η, see (Spokoiny (2002); Tong
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et al. (2013); Zhou et al. (2015)); while another type of estimators called difference methods,
do not estimate η (Devroye et al. (2003); Liitia¨inen et al. (2008, 2009, 2010); De Brabanter
et al. (2014)). There are others papers that estimate the variance component as well in the
presence of measurement errors, (Delaigle and Hall (2011); Delaigle (2014)), but these methods
use deconvolution and kernel algorithms which would be difficult to incorporate them to our
current Bayesian setting. The estimator of the variance in the classical linear regression setting
with errors in the covariates is addressed in Fuller (2009). These estimators for the observation-
error variance σ2 in the regression problem without measurement error in the covariate, can
be incorporated in a model similar to the one described in Proposition 11. For example,
using k-th nearest neighbors (Definition 44) instead of the inverse gamma prior-full conditional
distributions, we would like to have either of the following full conditional posteriors [σ2|X,y]
(
σ2|X = x,y = (y1, · · · , yn)
)
=
1
n
(
n∑
i=1
y2i −
n∑
i=1
yiyi,1
)
almost surely, or (4.7)
(
σ2|X = x,y = (y1, · · · , yn)
)
=
1
n
n∑
i=1
(yi − yi,1)2 almost surely, or (4.8)
(
σ2|X = x,y = (y1, · · · , yn)
)
=
1
2n
n∑
i=1
(yi − yi,1) (yi − yi,2) almost surely, or (4.9)
(
σ2|X = x,y = (y1, · · · , yn)
)
=
1
nk2
n∑
i=1
 k∑
j=1
(yi − yi,2,j)
 k∑
j=1
(yi − yi,2,j−1)
 a.s., k > 1,
(4.10)
where the notation is conserved from Proposition 11. In this way, we preserve the notion that,
given the latent variables X we can estimate the true σ2 using the expressions above. For the
incorporation of these ideas to a Bayesian model, it is needed to show the existence of priors
that lead to the conditional distributions above. The priors can be implicitly obtained as follow
P
(
σ2 ≥ s2|X = x) =
∫
Rn
1
{
s2 ≥ 1
n
(
n∑
i=1
y2i −
n∑
i=1
yiyi,1
)}
dFy|X=x(y), or (4.11)
P
(
σ2 ≥ s2|X = x) =
∫
Rn
1
{
s2 ≥ 1
n
n∑
i=1
(yi − yi,1)2
}
dFy|X=x(y), or (4.12)
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P
(
σ2 ≥ s2|X = x) =
∫
Rn
1
{
s2 ≥ 1
2n
n∑
i=1
(yi − yi,1) (yi − yi,2)
}
dFy|X=x(y), or (4.13)
P
(
σ2 ≥ s2|X = x) =
∫
Rn
1
s2 ≥ 1nk2
n∑
i=1
 k∑
j=1
(yi − yi,2,j)
 k∑
j=1
(yi − yi,2,j−1)
 dFy|X=x(y), k > 1,
(4.14)
where Fy|X=x is the upper tail of the conditional cumulative distribution of y given X = x.
Other options available for full conditional posteriors [σ2|X, λ,y] for the variance component
can be proposed as well using the estimators described by (2.60) and (2.73) as:(
σ2|X = x, λ = λ,y = y) = σ2v(λ,x,y) almost surely, or (4.15)(
σ2|X = x, λ = λ,y = y) = σ2m(λ,x,y) almost surely, (4.16)
with corresponding priors:
P
(
σ2 ≥ s2|X = x, λ = λ) =
∫
Rn
1
{
s2 ≥ σ2v(λ,x,y)
}
dFy|X=x,λ=λ(y) (4.17)
P
(
σ2 ≥ s2|X = x, λ = λ) =
∫
Rn
1
{
s2 ≥ σ2m(λ,x,y)
}
dFy|X=x,λ=λ(y). (4.18)
Thus, six more Bayesian models similar to the one described in Proposition 11 with the same full
conditional distribution [η(χ)|y, λ,d cσ2] can be proposed by changing the inverse-gamma prior
[σ2] by either of the six priors (4.11)−(4.18). The existence of the joint posterior distribution of
all parameters in such models would need to be proven to exists because d has still an improper
prior [d] ∼ 1. Existence of the joint posterior distribution would follow using the same steps
as in Proposition 11. The full conditional posterior distribution of the parameters in the six
Bayesian models are same with the exception of [σ2|y,X, λ]; such distributions for σ2|y,X, λ
are described by (4.7)− (4.15) respectively.
For observed latent variables X in the frequentist setting, the difference variance estima-
tor 1n
(∑n
i=1 y
2
i −
∑n
i=1 yiyi,1
)
used in (4.7) was proposed by De Brabanter et al. (2014), the
corresponding frequentist estimator used in (4.8) was proposed by Devroye et al. (2003), and
the estimators used in (4.9) and (4.10) were proposed by Liitia¨inen et al. (2009, 2010). Condi-
tionally on the latent variables, it was proven by the corresponding authors that under some
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regularity conditions (conditions hold in our case for i normal distributed), the rate of conver-
gence to zero of E
∣∣σˆ2n − Ee2∣∣ is at most of order c1n−1/2 + c2n−2/d. Such rate of convergence
is indeed lower than the rate convergence of estimators of variances using estimators of the
regression function. Still, we hypothesized that using these priors for σ2 in the context to the
errors invariables problem we may have an improvement because we only require to use the
estimator of the latent variables in comparison with the inverse gamma prior that needs as
well estimator of the regression function η. We test the hypothesis using simulations in the
following sections.
In regard to the prior proposed for the latent variable xi’s, we think that there is not
a reasonable distribution in the general case. The prior may be changed according to the
required application. A flat reference prior may be reasonable; normal hierarchical could be
another option, mixture of normal distributions is a flexible prior but in this case we may have
problems identifying the group of the mixture to where an observation belongs, Gelman et al.
(2014), and the updates in the MCMC algorithm may be slow. The prior distribution is indeed
an open choice for each particular problem. In what follows, we use a hierarchical normal prior.
4.3 Implementation and Interpretation
Estimators for all parameters in the model described in Proposition 11; or the models with
the variations on the priors (4.11), (4.12), (4.13) or (4.14) are obtained using the posterior
distribution while any predictions on the value η at any set of points {χ}Ni=1 ⊂ Rd are obtained
using the posterior predictive distribution. (Gelman et al., 2014, p. 145):
Π(η(χ)|y,W) =
∫
Π (η(χ)|θ) Π (θ|Y) dθ.
Again, by simplicity of notation as in Section 3.3 we will abuse of the notation: η is a deter-
ministic function and we use the process Π(η|y.W) =: [η|y,W] to estimate it. We consider as
point estimator for η(χ) to be the mean of the posterior predictive distribution [η(χ)|y,W].
Samples from the posterior distribution of the parameters are drawn using a MCMC method
and realizations {ηˆ(χ)i}Mi=1 from Π(η(χ)|y,W) are obtained using the draws
{
dˆi
cˆi
}M
i=1
of the
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corresponding posteriors followed by computing
ηˆ(χ)i =
l∑
j=1
d
(i)
j ψj(χ) +
k∑
j=1
c
(i)
j RJ (zj , χ) .
The known functions {ψi}li=1 are a basis for the null space of the semi norm J and RJ is the
Reproducing Kernel of a RKHS as specified in Proposition 11. For an exposition on RKHS
please revisit Chapter 2. Computation of RJ for the thin plate splines can be accomplished for
example, by using the description provided in Section 2.1.1.2. For the computation of RJ in
case of a tensor smoothing with thin plate splines as marginals can be accomplished by building
on the tensor thin plate splines case as described in Section 2.1.2. The size k of the sets of
knots {zi}ki=1 is chosen to be
k = bmax
{
30, 10n2/9
}
c
as described in Section 2.2.3.
Proposition 11 requires that {zi}ki=1 ⊂ {xi}ni=1 but the latent variables are not observed.
The knots are used to define the space H? ⊂ H where the mean of the full conditional process
belongs to. We use the averages {n−1w
∑nw
j=1 wij}ni=1 as if they were the true latent variables and
the knots are chosen as described in Section 2.2.3. The averages are only used to implement
the method to choose the knots. We run some simulated examples and for these cases it seems
that using this method still produces similar results as if we had a subset of the latent variables.
We recognize that more studies need to be done to theoretically or numerically evaluate the
veracity of this method.
The posterior distribution of the parameters in the models and the posterior predictive
distribution Π(η(χ)|Y) do not have an analytical form; at least, we did not identify and explicit
form. Samples from the k=joint posterior distribution were drawn using the MCMC method
Metropolis Hasting within Gibbs sampler (Gelman et al. (2014)). Observations from each
of the full conditional distributions are drawn in the order they appear in Proposition 11.
The generation of an observation
[(
d
c
)|y, σ2, λ, X] is computationally expensive because the
matrices R and S depend on {xi}ni=1 and on λ which are continually changing in the algorithm.
A realization of
[
λ|X, σ2] is computationally expensive as well because the scores functionsM,
V and U are continually changing as well in each iteration of the MCMC. In fact, we do not use
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the definition of these scores to draw a λ value because the evaluation of the scores are slow
and computationally unstable. We refer to appendix D for a more comprehensive explanation
on this topic.
The generation from the full conditional posterior of xj requires a Metropolis-Hasting step.
We use an adaptive Metropolis algorithm proposed by Roberts and Rosenthal (2009). At the
ith iteration, the proposal distribution for i ≤ 2d is
Qi(x) = N(x, 0.1
2Idci/d);
and for i > 2d we use
Qi(x) =
 (1− θ)N(x, 2.38
2Σ˜ici/d) + θN(x, 0.1
2Idci/d) Σ˜i > 0
N(x, 0.12Idci/d) Σ˜i ≯ 0
for some θ ∈ (0, 1) and the empirical covariance matrix
Σ˜i =
1
i
 i∑
j=0
xjx
ᵀ
j − (i+ 1)x¯ix¯ᵀi
 ,
where x¯i =
1
i+1
∑i
j=0 xj , ci = exp
(
min(1−2, n−
1
2 )(1accpti>.44 − 1accpti<.44)
)
. We use θ = 0.1.
According to Gelman et al. (2014), the acceptance-rejection proportion of the proposed new
value in the Metropolis step is desired to be just below 0.44 for the dimension of xi being
d = 2 but as d > 4 the proportion desired is about 0.23. Figure 4.2 show the proportion of
acceptance for each xi, i = 1, . . . , 100 after the burn-in period that we obtained in a usual run.
The generation of the parameters, besides the coefficients d, c, the smoothing parameter λ and
the Metropolis part, are computationally straight forward. We save the realizations of all these
parameters.
Two independent chains with different initial overdispersed values for each parameter were
drawn using Metropolis-Hasting within Gibbs sampler as described. Each of the chains were
run for 15, 000 iterations discarding the first 10, 000 realizations as burn-in and thinning the
rest of the sequences by keeping every 3 draws. Convergence tests such as Geweke test, (Geweke
et al. (1991)) and Gelman test (Gelman et al., 2014, p. 285) were used to separately test the
convergence of the chains of each parameter.
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Figure 4.2 Acceptance rate of the Metroplis-Hastings step after the burn in period for an
example of estimation. In this example n = 100 latent variables are estimated.
The acceptance rate is larger than the desired.
For χ ∈ Rd, let ηˆ(χ) := E [Π(η(χ)|Y)] the point estimates of η(χ) and η˜(χ) := sd [Π(η(χ)|Y)]
the standard deviation of the posterior predictive distribution. ηˆ(χ) and η˜(χ) are estimated
with the sample mean and the unbiased sample standard deviation from the realizations of the
posterior predictive distributions.
Figure 4.3 shows two examples of the regression estimation using the posterior predictive of
η(χi) from the model in Proposition 11. The used reproducing kernel RJ is the corresponding
of the thin plate splines (Section 2.1.1.2) problem. The plotted predictions ηˆ(χi) are in a grid of
resolution 0.05×0.05 inside the square [−2.25, 2.25]2. The grid is denoted as {χi}Ni=1 ⊂ R2. The
square [−2.25, 2.25]2 was chosen to be used as the region of estimation for all the simulated data
sets of the study because it has the property that it would contain about 95.17% of all points
simulated from N2(0, I2); the grid was not chosen to be finer because of storage availability. The
plot at the left-top contains the level curves of the true regression function, the center column of
plots are the corresponding prediction and variability of prediction obtained by fitting a model
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Figure 4.3 Example estimate and standard deviation of the estimator for the multivariate
regression problem with measurement error in the covariates. Level curves for
the true function η (3.17) (top left plot). Point Bayes estimate ηˆ(χ) (top center
and right), and pointwise standard deviation, η˜(χ) (bottom center and right).
Estimation using a Bayesian model interpretation of the thin plate splines with
m = 3 and smoothing parameter chosen using the restricted maximum likelihood
method. Data simulated with n = 100, σ2 = 0.5, Σw = ( 1 00 1 ). The dots in the
plots are the unobserved values of the covariates {xi}100i=1. The plot in the bottom
left shows the covariates {xi}100i=1 and for two xi and xj , the 95% confidence regions
are shown where the corresponding wij are expected to be observed. Inside one of
the regions, a set of {wij}7j=1 are plotted.
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to data with nw = 7 repeated measures with error of the latent variables; the right columns,
for nw = 50 repeated measures with errors of the latent variables. The top center and right
plots are the predictions ηˆ, and the bottom center and right plots are the level curves for the
standard deviation η˜. The dots in plots are the latent variables, they are not used for the
estimation. The pointwise standard deviation of the estimation η˜ is larger on the boundaries
of the region of estimation because we do not have information of the function in that area;
while the standard deviation is smaller in the center of the region as expected. The graph
at the bottom left of Figure 4.3 shows the latent variables (gray dots), the circles centered in
two realizations xi and xj would contain about 95% of the observed measurements with error
{wi,ν}nwν=1. The green dots are the measurements with error of the latent variable represented
with a red dot xi.
4.4 Simulation Study
We design a simulation study to compare the performance of the models in Section 4.2 in
terms of point estimates and coverage of credible intervals for functions η : R2 → R. As in
the free error case, the algorithm and programs work in theory for any number of covariates
but in practice we encounter the course of dimensionality (Bellman and Dreyfus, 1962, p.
322) as the number of covariates increase requiring a large sample size to obtain acceptable
estimates. A simulation setting is set for the case of two continuous covariates only. In order
to check the algorithm performance in larger dimensions we tested the method to estimate
functions depending of three and four covariates obtaining good marginal graphs close to the
true function.
The purpose of the simulation is to study the performance of the estimators provided by
the models described in Section 4.2. We use the reproducing kernel from the thin plate spline
regression RJ Section 2.1.1.2 as basis. The arguments in the conclusion from previous chapter,
Section 3.4, describe the reasons to use the thin plate splines. In addition, we compare our
model that assigns hierarchical normal priors to the latent variables with a model assuming no
error in the covariates and takes {xˆi = n−1
∑nw
j=1wij}ni=1 as the true observations of the latent
variables. Models with different prior on the variance σ2, (4.11)− (4.18) are compared as well.
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For completeness, we add the model that assumes known σ2 and uses the true value of this
parameter. Table 4.1 summarizes the models to be considered in the simulations.
Under the assumption that the attributes n and σ2 of the simulated data affect in a similar
way the estimation as they did in Chapter 3, the parameters are fixed to n = 100 and σ2 = 0.52
for the rest of this chapter unless stated otherwise. The data was simulated using the form
(4.1) and regression function η described by (3.17). The latent variables were generated from
N2(0, I2), number of repetitions of the measurement errors range in nw ∈ {2, 7, 14, 50}, the
covariance of the measurement errors Σw has always in the diagonal the same values varying
in {0.12, 0.1, 0.52, 0.5, 1, 2} with correlation 0 in one case, and correlation 0.8 in another case.
For all models we compute the MAPE (3.19) and the SDMAPE (3.20) to measure precision
of the regression estimator and the variability around the true function. Furthermore we study
the empirical coverage of C% pointwise credible intervals for predictions and the average em-
pirical coverage (ACP) in the grid {χi}Ni=1. For the empirical coverage we use {ρˆi}Ni=1 (Section
3.3.3) computed using 150 computations of C% centered credible intervals from [η(χi)|y,W];
the ACP(C) is estimated as in (3.22).
Figure 4.4 shows an example of the computation of the empirical coverage ρˆi’s using 150
simulated data sets with n = 100, nw = 7 and σ
2 = 0.52; the latent variables {xi}100i=1 are
simulated from a bivariate normal standard distribution. The model used to fit the data
is a conditional thin plate spline regression, the conditional bandwidth selection method is
the RML. The top row is the result of fitting a model that estimates the covariates using a
hierarchical normal distribution and inverse-gamma for the observation variance as described
in Proposition 11; the bottom row of the figure shows the ρˆi’s computed with the TPS model
from Proposition 6 considering the latent variables observed with values
{
n−1
∑nw
i=1 wji
}100
j=1
.
Each column of the figures is the result of using 35%, 60% or 95% pointwise credible intervals
for the predictions. Just from plots in Figure 4.4, observe that the model from the second row
has a pointwise empirical coverage and ACP(C) much more lower than the nominal and that
the empirical coverage observed in the first row. These effect is more evident looking at the
coverage for the rest for the cases.
89
Table 4.1 Models summary Simulation Study Regression with Measurement Error in the Co-
variates using Thin Plate Splines. The methods to choose the Bandwidth param-
eter are UERL - unbiased estimate relative loss, GCV - generalized cross validation,
RML - restricted maximum likelihood under the Bayes model. Two model speci-
fication for the estimation of the latent variables xˆ, Prior indicates a model with
normal Bayes prior as in Proposition 11, Average is the model without measurement
error case from Chapter 3 using {xˆi = n−1
∑nw
j=1wij}ni=1 as the true covariates. The
priors on σ2 indicates the models whose priors on the variance are Normal as in
Proposition 11; Difference is the prior (4.12); Smooth are the priors (4.17) when
bandwidth was chosen with GCV, and prior (4.18) when bandwidth was chosen
with RML. For the variance σ2, Known indicates that the model assumes we know
and uses σ2, Unknown the model estimates the variance.
Bandwidth xˆ Prior σ2 σ2
UERL Prior ————- Known
UERL Prior Normal Unknown
UERL Prior ————- Known
UERL Prior Difference Unknown
UERL Prior ————- Known
UERL Average ————- Known
UERL Average Normal Unknown
UERL Average ————- Known
UERL Average Difference Unknown
UERL Average ————- Known
GCV Prior ————- Known
GCV Prior Normal Unknown
GCV Prior ————- Known
GCV Prior Difference Unknown
GCV Prior ————- Known
GCV Prior Smooth Unknown
GCV Average ————- Known
GCV Average Normal Unknown
GCV Average ————- Known
GCV Average Difference Unknown
GCV Average ————- Known
GCV Average Smooth Unknown
RML Prior ————- Known
RML Prior Normal Unknown
RML Prior ————- Known
RML Prior Difference Unknown
RML Prior ————- Known
RML Prior Smooth Unknown
RML Average ————- Known
RML Average Normal Unknown
RML Average ————- Known
RML Average Difference Unknown
RML Average ————- Known
RML Average Smooth Unknown
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Figure 4.4 Level curves of the empirical coverage for the pointwise 95%, 65% and 35% credible
intervals using the Bayesian model with thin plate splines and m = 3 for the
multivariate regression problem with measurement errors in the covariates. The
smoothing parameter is chosen using the restricted maximum likelihood method.
The top row of plots are the results of fitting the model that assign a normal prior
to the unknown covariates {xi}ni=1. The bottom row was obtained fitting a model
that takes each xˆi = n
−1
w
∑nw
j=1 wij and then it is assumed that {xi}ni=1 are known
with xˆi = xi. Each value in the level curves is an estimate of ξi for the coverage of
η(χi) in the grid {χi}Ni=1 using 100 different simulated data sets and computing the
respective credible intervals. Each data set was simulated with n = 100, σ2 = 0.5
and xi
iid∼ N2(0, I2) and wij iid∼ N2 (xi, ( 1 0.80.8 1 ))). The target function is described
by (3.17) and plotted in Figure 3.1.
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Table 4.2 summarizes a part of the results from the simulation study and computation of
the MAPE and the SDMAPE and their respective 25% and 75% empirical quantiles. Bold
numbers for column 25 % in a given row indicate that the 25% percentile computed with
the respective model is larger than the 75% percentile computed with the same assumptions
but different way to estimate x; therefore there would be evidence that the median (average
by symmetry) MAPE computed over 150 different estimation with the model for that row is
larger than the median of the MAPE’s computed with the model from row immediately above
or below (model that estimate x different). Bold numbers for column 75 % indicates that the
75% percentile for the respective combination of parameters is larger than the 25% percentile
computed with the same assumptions but different way to estimate x and the conclusion is
similarly as before. Figures 4.5 and 4.6 show boxplots computed using a more comprehensive
subset of the simulation results than the ones presented in Table 4.2. These plots show, at
the top of the columns, the covariance Σw of the measurement errors; each row correspond to
estimators using data simulated with nw repeated measures (proxy variables) of the covariates.
Considering the general estimation and the coverage of the credible intervals, our models
provides better estimates and measures of uncertainty as we will describe. But for now, we
start by describing the aspect where our model did not provide estimates as good as desired or
even worse than a simpler model of taking the averages {n−1w
∑nw
j=1 wij}nwj=1 as true covariates.
4.4.1 Prediction and variability of prediction for the target regression function
and discussion
We start discussing the summary for the MAPE that measures the average absolute differ-
ence of the predictions to the true regression function in the grid of prediction {χi}Ni=1. The
SDMAPE measures the average variability of the prediction around the true regression.
The most striking feature from Table 4.2, Figure 4.5 and more comprehensive plot in the
appendix, Figure C.11, is that the Average MAPE for the model with xˆi = w¯i· is smaller than
for the model with normal prior on the latent variables when nw = 14 or 50 and even in some
cases when nw = 7. This result was indeed not expected for the cases nw as small as 14 or 7;
for nw = 50 Figure C.12 can be easily explained using the law of large numbers, the average
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Table 4.2 Summary results partial simulation for MAPE and SDMAPE in the measure-
ment error in the covariates regression. Simulated data with link function (3.17),
n = 100 and σ2 = 0.25. For each latent xi are observed nw measurement with
errors δij simulated with N2
(
0,
(
σ2w 0.8×σ2w
0.8×σ2w σ2w
))
. Known σ2 indicates that the
true value of the variance σ2 was used to estimate the parameters; xˆ indicates the
method of estimation of the latent variables. Using 100 repetitions, Avg M is the
average of the computed MAPE, 25 % and 75 % are the 25% and 75% empirical
percentile of the 100 computed MAPE. Avg SDM is the average of the 100 com-
puted SDMAPE with their respective 25% and 75% percentiles. Black number
for column 25 % indicate that the 25% percentile computed with the respective
model is larger than the 75% percentile computed with the same assumptions but
different way to estimate x. Black numbers for column 75 % indicates that the
75% percentile for the respective combination of parameters is larger than the 25%
percentile computed with the same assumptions but different way to estimate x.
nw σw Known σ xˆ Avg MAPE 25% 75% sd MAPE 25% 75%
2 1 No Avg 4.88 4.56 5.25 1.01 0.9 1.1
2 1 No Bayes 4.57 3.91 5 1.50 1.12 1.71
2 1 Yes Avg 4.10 3.74 4.43 0.54 0.47 0.59
2 1 Yes Bayes 3.76 3.11 4.2 1.06 0.71 1.19
2 2 No Avg 5.12 4.68 5.54 1.04 0.96 1.13
2 2 No Bayes 5.92 4.71 7.02 2.24 1.39 2.81
2 2 Yes Avg 4.33 3.96 4.67 0.59 0.53 0.64
2 2 Yes Bayes 5.12 3.86 6.25 1.79 0.96 2.43
7 1 No Avg 2.64 2.27 3.01 0.95 0.86 1.05
7 1 No Bayes 2.94 2.61 3.18 0.84 0.7 0.93
7 1 Yes Avg 1.86 1.58 2.16 0.49 0.42 0.56
7 1 Yes Bayes 2.14 1.89 2.34 0.38 0.27 0.48
7 2 No Avg 2.78 2.47 3.12 0.96 0.87 1.07
7 2 No Bayes 3.72 3.23 4.03 1.12 0.88 1.22
7 2 Yes Avg 1.99 1.72 2.22 0.52 0.44 0.58
7 2 Yes Bayes 2.91 2.46 3.18 0.67 0.44 0.76
14 1 No Avg 1.97 1.73 2.24 0.88 0.8 0.96
14 1 No Bayes 2.61 2.4 2.89 0.73 0.63 0.8
14 1 Yes Avg 1.16 0.98 1.39 0.40 0.34 0.47
14 1 Yes Bayes 1.79 1.59 1.93 0.27 0.19 0.33
14 2 No Avg 2.06 1.74 2.33 0.92 0.83 1.01
14 2 No Bayes 2.93 2.61 3.19 0.82 0.69 0.92
14 2 Yes Avg 1.26 0.96 1.49 0.47 0.41 0.52
14 2 Yes Bayes 2.14 1.86 2.36 0.38 0.26 0.46
50 1 No Avg 1.29 1 1.6 0.69 0.61 0.75
50 1 No Bayes 2.13 1.95 2.29 0.64 0.55 0.72
50 1 Yes Avg 0.49 0.28 0.67 0.25 0.22 0.29
50 1 Yes Bayes 1.30 1.09 1.46 0.17 0.1 0.23
50 2 No Avg 1.26 1.06 1.35 0.74 0.66 0.8
50 2 No Bayes 2.31 2.08 2.53 0.66 0.6 0.74
50 2 Yes Avg 0.47 0.22 0.59 0.30 0.24 0.33
50 2 Yes Bayes 1.52 1.33 1.63 0.21 0.15 0.25
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is becoming a good estimator of the latent variables. With small errors in the covariates, the
errors can be ignored and use a model as in Chapter 3.
We cannot fully explain the reasons for the bad results of our proposed model when
nw = 7 or 14 as measured by the MAPE. We can only hypothesize using the posterior re-
alizations since [X|y,W] does not have an analytic form. Figure C.13 in the appendix shows
a set of estimations of the latent variables {xi}50i=1 for one specific set of simulated data with
nw = 10 and Σw =
(
2 0.8×2
0.8×2 2
)
. The yellow-read area represent level curves of the pos-
terior distributions {[xi|y,W]}50i=1 using the simulated example. Observe that the estimator
provided for each xi using the Bayesian model with normal priors on the latent variables
has larger variability than the estimator provided using only the averages, E (w¯i·) = xi and
V ar (w¯i·) = n−1Σw. We believe that the differences in the MAPE is because of this variability
on the estimation provided by different models.
l
lll
l
l
l
l
l
l
l
ll
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
ll
l
l
σWX
2
= σWY
2
= 1, rWXY= 0 σWX
2
= σWY
2
= 1, rWXY= 0.8 σWX
2
= σWY
2
= 2, rWXY= 0 σWX
2
= σWY
2
= 2, rWXY= 0.8
n
W
 
=
 7
n
W
 
=
 14
100 100 100 100
2.5
5.0
7.5
1
2
3
4
5
Sample Size
M
AP
E
Variance
σ2 unknown
σ2 known
Model
Avg TPS RML
TPS RML
Partial Results Simulation Study Errors in the Covariates
 Standardized Mean Absolute Predictive Error
Figure 4.5 Boxplots, part simulation results. Standardized Mean Absolute Predictive Error
(3.19) for the multivariate regression problem with measurement errors in the
covariates. The MAPE was computed over the square [−2.25, 2.25]2. The content
of Table 4.2 is displayed here. The simulated data sets {(wi1, · · ·winw , yi)}ni=1
were generated using the model (4.1), n = 100 and σ2 = 0.5. The columns in
the figure indicate the covariance matrix of the measurement errors {{δji}nwi=1}100j=1
from which the data were generated, and the rows indicate the number of repeated
observations of the measurement errors of the covariates {wj,i}nwi=1. The models
are described in Table 4.1. Complete simulation results in Figure C.11.
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By observing a large number of examples as in Figure 4.3 we noticed that the model using
the averages as xˆ often produces functions ηˆ that capture the general pattern of the function
but misses small features. Furthermore, the function η˜, the standard deviation of the posterior
predictive distribution, is bounded by a small value which will lead to credible intervals too
narrow and to under coverage. For nw = 7 or 14 we observed that the estimates ηˆ with the
model on x as average do not capture any feature similar to the original regression function
but in average there is not a significant difference between our model’s MAPE and the model
with x as the average.
Nevertheless in practice, with a unique training set provided, the two competing models
(using different m if necessary) would produce no significant differences in the predictions
in average for nw = 7 or 14 because of the the magnitude of the SDMPAE, see Figures 4.6
and more comprehensively Figure C.14. The SDMAPE summarizes the variability of the
estimation around η, the magnitude of the 25% quantiles of the SDMAPE across all simulated
cases indicates that in average, the pointwise credible intervals from [η(χi)|y,W] and different
models overlap; in this sense we say that for both available data, both models provide similar
estimators. Furthermore, small features from the true η are better described with our model
from Proposition 11. For large nw = 50, indeed there is a practical advantage on taking the
average estimate as estimates for the latent variables and computing ηˆ in this way, this is true
even taking into account the pointwise credible intervals for predicting η.
We have compared prediction and variability for η for models with different priors on the
latent variables. Lets’ consider now models with differences in the prior for the smoothing
parameter λ. There is no statistical difference with respect to prediction and its variability
when conditionally choosing the smoothing parameter with the RML method or with the GCV
method. We leave open the possibility that the GCV V(λ, α,X,y) method can be improved
through a better calibration of the fudge factor α. We used α = 1.4 as suggested trough
simulations for the free error cases as explained before. Nevertheless, there is a clear practical
and statistical difference when using the UERL score U(λ, σ2,X,y) with respect to the use
of the other two methods; predictions using U are not to be trusted. The score U is not
independent of σ2; and as will be described in Section 4.4.2, we are obtaining bad estimates of
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the observation error variance σ2 which may be the cause by inadequate λ and bad predictions
for η. We hypothesize that even if we had good estimators of σ2, the tunning of the smoothing
parameter is a sensitive task and the variability of σˆ2 can lead to a poor selection of λ and
thus, to over-smoothed/under-smoothed ηˆ.
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Figure 4.6 Variability Standardized Absolute Predictive Error (3.20) for the multivariate
regression problem with measurement errors in the covariates. The SDMAPE
was computed over the square [−2.25, 2.25]2. This graphical display contains
the information from Table 4.2, last three columns. The simulated data sets
{(wi1, · · ·winw , yi)}100i=1 were generated using the model (4.1) and σ2 = 0.5. The
columns in the figure indicate the covariance matrix of the measurement errors
{{δji}nwi=1}100j=1 from which the data were generated, and the rows indicate the num-
ber of repeated observations of the measurement covariates {xi}100i=1 with errors.
The models are described in Table 4.1. Complete simulation results in Figure C.14.
We found that there is not a practical and not a significant difference in the average pre-
dictions of η for different models that estimate σ2 with the priors (4.12), (4.17), (4.18) or the
inverse gamma as described in the next section. In the next section we compare models with
different estimators (priors) for the variance, and found no difference in the estimators for σ2
and not for the regression function η. But as one can expect, knowing the true value of σ2
make a practical difference with respect to the prediction of η.
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4.4.2 Observation error variance summary results and discussion
The main objective of the models evaluated in this work is to predict the target function.
But the full conditional of η requires estimators of the variance of the errors {}ni=1, see model
(4.1). The reason we look for more options to estimate the variance is because any effort we
made to estimate this parameter was not sufficient. Most of our models over-estimated σ2,
specially when σ2 is small. We describe our results here.
Proposition 11 describes our main model, such model assigns an inverse gamma prior to σ2.
Modifications on the prior for the variance lead to new models, the modifications we consider
are described by equations (4.11), (4.12) and (4.13); such priors use difference frequentist
estimators as degenerate priors conditional on the latent variables. Additionally, we considered
two more models: the first one uses as prior on λ, the score V and prior (4.17) on σ2; the second
model uses as prior on λ the scoreM and prior (4.18). Table 4.3 summarizes the models we will
compare. The comparison we made is not comprehensive but hierarchical, as we will describe.
Table 4.3 Summary of the models based on Proposition 11 varying the priors on the observa-
tion error variance σ2 and the smoothing parameter λ. Name indicate the name of
the model we will use in the discussions; Prior on λ (CDF) indicate the hierarchi-
cal prior assigned to the parameters λ, the tail of cumulative distribution function
(CDF) is provided; similarly for column Hierarchical Prior on σ2 (CDF). For
the model s4, k > 1.
Name Prior on λ (CDF) Hierarchical Prior on σ2 (upper tail CDF)
s0 (4.2), (4.3) or (4.4) Hierarchical Normal (Proposition 11)
s1 (4.2), (4.3) or (4.4)
∫
Rn
1
{
σ2 ≥ 1n
(∑n
i=1 y
2
i −
∑n
i=1 yiyi,1
)}
dFy|X(y)
s2 (4.2), (4.3) or (4.4)
∫
Rn
1
{
σ2 ≥ 1n
∑n
i=1 (yi − yi,1)2
}
dFy|X(y)
s3 (4.2), (4.3) or (4.4)
∫
Rn
1
{
σ2 ≥ 12n
∑n
i=1 (yi − yi,1) (yi − yi,2)
}
dFy|X(y)
s4 (4.2), (4.3) or (4.4)
∫
Rn
1
{
σ2 ≥ 1
nk2
∑n
i=1
(∑k
j=1 (yi − yi,2,j)
)(∑k
j=1 (yi − yi,2,j−1)
)}
dFy|X(y)
s5 Distribution (4.3)
∫
Rn
1
{
σ2 ≥ σ2v(λ,x,y)
}
dFy|X,λ(y)
s6 Distribution (4.4)
∫
Rn
1
{
σ2 ≥ σ2m(λ,x,y)
}
dFy|X,λ(y)
As first step of comparison, we compared models s1, s2 and s3. Such models use the
difference frequentist estimators as full conditional posterior for the variance σ2, see (4.7)−(4.9).
We fitted the model described in Proposition 11 with the respective priors and M in the
conditional prior on λ, see (4.4). Given that the objective is to compare estimators of the
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variance from these models, the ideal of the cases would be that we knew the regression function;
we assumed as well that η is known and is incorporated in the MCMC algorithm used to fit the
models. We simulated 200 data sets with the form (4.1), the latent variables were simulated
from bivariate standard normal distribution and nw ∈ {2, 7, 15, 30, 50}.
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Figure 4.7 Partial results, mean posterior distribution with difference-based estimator as prior
on σ2. Three different degenerated priors on σ2 identified as Estimator. Each
estimator is described in Table 4.3. Observe that the vertical axis is different for
each plot. The dotted horizontal red line represent the value 1 in the vertical axis.
The mean of the posterior distributions [σ2|y,W, ηtrue] for each repetition are saved and
the result of estimating the variance with these specifications is presented in Figure 4.7 as the
ratio between the estimate and the true variance. The desired position of the boxplots is around
1 specified by the red dotted horizontal line. In Figure 4.8 we show the empirical standard
deviations of [σ2|y,W] for each case and each repetition. Comprehensive results are presented
in the appendix plots C.17 C.18 and C.19 and C.20.
The most striking feature on these figures is that the mean of the posterior distribution
of σ2 from any model highly overpredicts the true variance, there is large bias. The most
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Figure 4.8 Partial results, standard deviation posterior distribution with difference-based es-
timator as prior on σ2. Three different degenerated priors on σ2 identified as
Estimator. Each estimator is described in Table 4.3. Observe that the vertical
axis is different for each plot. The dotted horizontal red line represent the value 1
in the vertical axis.
extreme cases of bias, of a factor of 50 or 75, occur when the variance is small. As the true
variance increases, the estimator starts to approximate the true variance but the convergence is
slow: when the true variance is 0.5 the factor of error is around 5, and when the true variance
σ2 = 1 the factor of error has decrease to an average of 1.3. Indeed these methods of estimation
need to be improved but it was outside of the direct purpose of this dissertation. In order to
choose from these three models, we continue studying the plots. Another feature we observe
is that the estimator from model s1 provides negative values and its variance is the largest
for all cases. Comparing models s2 and s3 we decide to prefer the former. This decision is
based on the magnitude of the bias around σ2 and the variance of the posterior distribution
[σ2|y,W, ηtrue]. We observe that [σ2|y,W, ηtrue] from model s2 has a smaller bias and smaller
variance in average. We prefer model s2 above s3.
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Finally, we compare models m0, m2, m5 and m6. For these cases, we fit the respective
models without assuming knownledge of η, but this time we compare the effect of estimating
the latent variables with two methods: using hierarchical normal prior as in Proposition 11,
assuming {n−1w
∑nw
j=1 wi,j}ni=1 as the true latent variables and using model from Chapter 3.
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Figure 4.9 Partial simulation results; mean posterior distribution of the observation-error
variance σ2. Observe that the vertical axis is different for different rows. The
dotted horizontal red line represent value 1 in the vertical axis. Inverse Gamma
is the estimator obtained with model m1, Degenerated Smooth is the estimator
obtained with model m6, and Degenerated Difference is the estimator obtained
with model m2. Complete simulation results are presented in Figure C.15.
Figure 4.9 summarizes the means of the posterior distributions [σ2|y,W]. Figure C.15 shows
a more comprehensive summary of the results. Observe that there is not a significant difference
in the means and the posteriors [σ2|y,W] from these four models when all of them estimate
the latent variables with the same method. Nevertheless, as can be expected, estimating the
latent variables with the average w¯i· (Avg TPS RML model) does not appropriately take the
variability of the errors into account and the estimator of σ2 is biased by a large factor. The
bias in the estimation of σ2 as observed in this way leads to an under coverage of the η(χi)
credible intervals. Indeed we have not solved the problem of estimating the variance σ2 correctly
but we have shown numerical evidence that the method of estimation seems to have a rate of
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covergence to the true variance that depends on the the number of repeated observations nw,
the covariance of the measurement errors Σw and of the true value of σ
2 itself. The convergence
rate is slow, even when nw = 50 we have a factor of error of about 2: Figure C.16 shows these
cases.
In next section we discuss the empirical coverage of the predictive credible intervals [η(χi)|y,W].
Provided the numerical evidence that there is no difference in estimating the variance σ2 with
either model s0, s2, or s5 and s6, we decided to use model s0 to study the coverage of the
pointwise credible intervals for prediction of η.
4.4.3 Empirical coverage of credible intervals from predictive posterior distribu-
tion for the target regression function and discussion
This section is dedicated to the description of the empirical coverages and the Across Cov-
erage Probability ACP(C) for C% credible intervals obtained through simulation. In a similar
fashion as in the free error in the covariates case, for each χi ∈ R2 we use the statistics {ρˆi}Ni=1
that measures the empirical coverage of the C% centered credible intervals from the posterior
predictive [η(χi|y,W)] of the respective models. The ACP(C) or ζ = E(ρi) is estimated using
N−1
∑N
i=1 ρˆi. As before, for each combination of parameters, 150 simulated data sets according
to (4.1) were generated.
Recall that for the grid {χi}Ni=1 and a C% level of credible intervals there is the associate
{ρˆi}Ni=1 that can be plotted. Six examples of these plots are shown in Figure 4.4. The distribu-
tion of {ρˆi}Ni=1 in each case of combination of parameters, models and C level can be visualized
and compared using box plots. Figure 4.10 and its more comprehensive version Figure C.21
show these comparisons. The notation in the plots is the same we have been using so far. The
fitted models are described by Proposition 11 and inverse gamma prior on σ2 was used.
The first noticeable feature of the plots is that the 95% credible intervals provided by the
models Average are well below the optimal level; for these models, the empirical coverage for
most of the evaluations {η(χi)}Ni=1 are below 95%, irrespective of the priors. One would like to
have models that produces credible intervals for predictions of η(χ), with χ inside of a convex
set containing the latent variables {xi}ni=1, to have an empirical coverage similar to the optimal
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Figure 4.10 Boxplots simulation results, empirical coverage of pointwise 95% credible inter-
vals for prediction of multivariate regression functions with measurement errors
in the covariates I. Each box is the summary of the empirical coverages {ρˆi}Ni=1.
ρˆi ∈ [0, 1] is the empirical coverage of the 95% pointwise credible interval for
the prediction of η(χi) computed after fitting the model to 150 different simu-
lated data sets. The vectors {χi}Ni=1 ⊂ R2 is a grid of resolution 0.05 × 0.05 in
the square [−2.5, 2.5]2. The columns in the plot indicate the covariance matrix
ΣW =
(
σ2WX
σWX σWY rWXY
σWX σWY rWXY σ
2
WY
)
of the measurement errors {{δji}nwi=1}100j=1
from which the data were generated. The models are described in Table 4.1.
level; or at least that the ACP is close to the nominal level, but the Average models fail to do so.
Only when nw = 50, see Figure C.22, the ACP for the credible intervals of the Average models
is closer to the nominal but, about 25% of the pointwise credible intervals have an empirical
coverage less than 80%. Recall that the UERL method to choose the smoothing parameters
depend on estimation of σ2. Overestimation of this parameter (see Figures 4.9 and C.15)
leads to narrower credible intervals, which implies under-coverage of the credible intervals; the
under performance is observed even when nw = 50. Similar behavior can be observed in the
sequential plots for the average models, Figures 4.11 and more comprehensively in the appendix,
see Figures C.23, C.24 and C.25. This relation between overestimation of σ2 and under coverage
of the credible intervals can be explained because for these model, the variance of the process
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[η|y,W] have an inverse proportional relationship with σ2 trough the full conditional posterior:
V ar([η(χ)|y,W,X, λ, σ2]) ∝ σ−2 (see Proposition 75).
The most striking observations, however, is that the empirical coverage in almost all cases
for our model is close to the nominal, at least in the sense of ACP(95). The point-wise coverage
of the prediction intervals is fairly close to the nominal with some exceptions. We do not claim
that each credible interval has nominal coverage but at least we have the certainty that is
within 10% for more than 75% of the intervals. The proximity of the ACP(95) increases
as the predictions are computed inside an area of no extrapolation, Figures 4.11, and more
comprehensively in C.23, C.24 and C.25. Similar results were found for 60% and 35% credible
intervals (not shown here).
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Figure 4.11 Sequential empirical coverage of pointwise 95% credible intervals. The se-
quence is in the the sense of summarizing the pointwise empirical coverage of
the credible intervals {ρi}mαi=1 for η evaluated in the points {χi}mαi=1 from the
grid and inside the ellipse that would contain α × 100% of the points gener-
ated from a standard bivariate normal distribution. alpha = Phi(Ellipse).
The 150 data sets used to fit iteratively the models and compute the empiri-
cal coverage were simulated using n = 100, σ2 = 0.25 , xi
iid∼ N2(0, I2) and
wij
iid∼ N2
(
xi,
(
σ2WX
σWX σWY rWXY
σWX σWY rWXY σ
2
WY
))
.
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4.5 Model Extension: Repeated Responses
We extend the model in Proposition 11 to include multiple observations {yij}nyj=1 for the
same latent variable xi. We assume the available data
(
wi,1, · · · ,wi,nw , yi,1, · · · , yi,ny
)
, i =
1, . . . , n with Wi,j ∈ Rd and yi,j ∈ R, can be explained with the model:
yi,j = η(xi) + i,j
wi,j = xi + δi,j
δi,j ∼ Nd(0,Σw)
i,j
iid∼ N(0, σ2j ).
(4.19)
If it is not explicitly written, we assume that the parameters are independent. Our aim is to
estimate the function η assuming η ∈ H? as in previous Section. The parameters Σw and σ2i
are estimated as well. A previous work with a similar Bayesian model is described in Castro
et al. (2013), but η is assumed to be a linear function by the authors.
Conjecture 12
Let X a non-empty space, H a reproducing kernel Hilbert space (RKHS ) of functions with
domain X and rank in R. Let J the square norm induced by the semi-inner product of H which
has a null space of finite dimension with basis {ψi}li=1, let RJ the reproducing kernel of H.
Consider a training set of the form
(
wi,1, · · · ,wi,nw , yi,1, · · · , yi,ny
)
, i = 1, · · · , n with wi,j ∈ Rd
and yi,j ∈ R. Let Z := {zi}ki=1 ⊂ {xi}ni=1 =: X, d := (d1 d2 · · · dl)ᵀ, c := (c1 c2 · · · ck)ᵀ.
Consider the model
yij = η(d
c
)(xi) + ij ,
η(d
c
) = l∑
i=1
diψi +
k∑
i=1
ciRJ (zi, ·)
ij
iid∼ N1(0, σ2j ).
Let λ|X > 0, and Q ∈Mk×k(R) with entries Qi,j = RJ (zi, zj), S|X ∈Mn×l(R) with Si,j |X =
ψj(xi) full column rank, R|X ∈Mn×k(R), Ri,j |X = RJ (xi, zj), M |X = RQ+Rᵀ + nλIn. Let
σ˜2 =
∏ny
k=1 σ
2
k∑ny
k=1
∏ny
j 6=k σ
2
j
.
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Consider the priors
di
iid∼ 1,
c|σ˜2, λ ∼ Nk
(
0,
σ˜2
nλ
Q+
)
,
P(λ ≥ λ0|X = x, σ2 = σ˜2) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
U(x|y,X, σ2 = σ˜2)
}
dFy|X=x(y)
σ2i ∼ Inv −Gamma(A, B), i = 1, · · · , ny
xi|µx,Σx iid∼ Nd(µx,Σx), i = 1, .., n,
µx|Σx ∼ Nd(dx,m−1x Σx),
Σx ∼ Inv −Wishart(Ax, bx),
Σw ∼ Inv −Wishart(Aw, bw).
Unless stated otherwise we consider the parameters to be independent in the priors. Alterna-
tively, we can assign the following conditional priors to λ:
P(λ ≥ λ0|X = x) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
V(x|y,X = x, α = 1.4)
}
dFy|X=x(y), or
P(λ ≥ λ0|X = x) =
∫
Rn
1
{
λ0 ≥ arg min
x>0
M(x|y,X = x)
}
dFy|X=x(y).
Then the joint posterior of the parameters exists and the full conditional posteriors are
• ( dc )|y, σ21, · · · , σ2ny , λ, X ∼ Nl+k (µdc, σ˜2nλΣdc), where
µdc =
(
(SᵀM−1S)−1SᵀM−1
Q+RᵀM−1(I−S(SᵀM−1S)−1SᵀM−1)
)
y
Σdc =
(
(SᵀM−1S)−1 −(SᵀM−1S)−1SᵀM−1RQ+
−Q+RᵀM−1S(SᵀM−1S)−1 Q+−Q+Rᵀ{M−1−M−1S(SᵀM−1S)−1SᵀM−1}RQ+
)
• σ2i |y,
(
d
c
)
, X ∼ Inv −Gamma
A + 12ny,
[
B−1 +
1
2
(
y¯i,· − η(d
c
)(xi))2]−1
,
•
xi|y,
(
d
c
) ∝ ny∏
j=1
[
yi,j |σ2j ,xi
]× nw∏
j=1
[wi,j |xi,Σw]× [xi|µX,ΣX]
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∝ exp
− 1
2σ˜2
(∑ny
k=1
∏ny
j 6=k σ
2
j yi,k∑ny
k=1
∏ny
j 6=k σ
2
j
− η(d
c
) (xi))2

× exp
−1
2
(xi − µx)′Σ−1x (xi − µx)−
1
2
nw∑
j=1
(wij − xi)′Σ−1w (wij − xi)
,
• Σw|y,x1, · · · ,xn,Σx ∼ Inv −Wishart [Aw +AA′, nnw + bw]
where A = [x1 −w11..x1 −w1nw · · ·xn −wn1..xn −wn,nw ],
• µx|y,Σx,x1, · · · ,xn ∼ Nd
[
Σ−1x (nx¯ +mxdx) ,
1
n+mx
Σx
]
, with x¯ = n−1
∑n
i=1 xi,
• Σx|y,x1, · · · ,xn = Inv −Wishart
[
Ax + nS +
nmx
n+mx
(x¯− dx)(x¯− dx)′, n+ bx
]
where S = n−1
∑n
i=1(xi − x¯)(xi − x¯)′,
• λ|y, σ˜2,X = arg minx>0
{U(x|σ˜2)} a.s.,
If the other priors on λ depending on V or M were assigned, the full conditional pos-
terior of the parameters do not changes but for λ. For λ the full conditional posterior
distributions are:
λ|y,X = arg min
x>0
{V(x|α)} a.s., or
λ|y,X = arg min
x>0
{M(x)} a.s..
The proof of the existence of the posterior distribution is similar to Proposition 11; it would
be required the use of Propositions 72 and 74. The form of the full conditional distributions
can be obtained from writing explicitly the posterior and observing the form of the full condi-
tional distribution by completing terms or using the conjugate properties of the gamma inverse
distribution, the inverse Wishart distribution.
Furthermore, we could assign degenerated priors to each σ2i as in expressions (4.11) - (4.18)
and obtain the respective full conditional posteriors as was described in Section 4.2. A simpli-
fication on the assumptions for the conjecture is described in the next corollary.
Corollary 13
In the context of Conjecture 12, if σ2i = σ
2 for i = 1, ..., nw. The posterior exists and the full
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conditional posterior of the parameters are the same as before. Specifically if σ˜2 = σ2/ny then
[xi|Θ y] ∝ exp
[
− 1
2σ˜2
(
y¯i,· − η(d
c
) (xi))2]
× exp
−1
2
(xi − µx)′Σ−1x (xi − µx)−
1
2
nw∑
j=1
(wij − xi)′Σ−1w (wij − xi)

σ2|y, ( dc ), X ∼ Inv −Gamma
A + 1
2
nyn,
[
B−1 +
n∑
i=1
1
2
(
y¯i,· − η(d
c
)(xi))2]−1
 .
An example of the estimated function η that can be obtained with the models from conjec-
ture 12 using simulated data in the form of (4.19) is presented in Figure 4.12
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Figure 4.12 Level Curves of η, ηˆ, η˜ and the minimum level C of a centered pointwise credible
interval required to contain the value of η(χi). The points in the top left graph
are the latent variables. The training data were simulated using model (4.19), η
described by (3.17), with n = 100, nw = 7, Σw diagonal with variances 1. The
latent variables were simulated with a standard normal bivariate distribution.
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4.6 Conclusions
In the setting of multivariate regression with errors in the covariates and constructing the
theory of this chapter using the results from Chapter 2 and 3, we proposed and fully describe
Bayesian models to estimate and predict the regression function without directly assuming
a form. The Bayesian models use a process to estimate the regression function. The mean
of this process has the property that, conditional to the latent variables, solves a regularized
least square minimization problem; the mean of the process is obtained as a non-parametric
regression from the frequentist context. We use the thin plate splines setting to model the
conditional regression function using the machinery of the Bayesian Statistics. In the process
of fitting the model we estimate the variance component of the errors as well and any other
auxiliary variable used for the estimation process.
Using simulations when the covariates are continuous and in R2, we found and report the
problem of estimating the observation error variance σ2 and we propose a variety of models to
tackle this problem. We introduced different priors on the observation error variance, but still,
our first option of inverse-gamma prior was the preferred to estimate σ2. We conjecture that
the elements that affect the rate of convergence of the mean posterior distribution [σ2y,W] to
σ2 are nw, Σ and σ
2. We state that the convergence is slow for nw → ∞ and specially more
difficult to estimate if σ2 ∈ {0.12, 0.1, 0.52} ( and probably for σ2 ≤ 0.52.
We found for nw = 50 (and probably for nw larger), that estimating the latent variables
with the average of its corresponding measures with errors and using this estimation as the
true covariates in a usual regression without measurement errors, an average model, is enough
for practical and efficient predictions of η; nevertheless, the coverage of the credible inervals
can be improved for these models. For nw ∈ {2, 7, 14}, (and probably nw ∈ [2, 14] or slightly
larger interval ) the Bayesian model we propose with hierarchical normal distribution for the
latent variables provide no practical difference for the point predictors with respect to the
η’s predictors provided by the average model. On the other side, the estimation process of
the variance components σ2 and Σw and computation of the credible intervals for predictions
require a careful treatment/estimation of the variability of the error in the covariates. The
108
average model provides biased estimates of the variances and the empirical coverage of the
credible intervals for predictions of η is extremely low even in the center region that contain
the covariates. Our Bayesian model produce less biased estimates of the variances and the
credible intervals have coverage fairly close to the nominal level in the center of the region of
observation; the average coverage probability ACP(C) is close to the nominal for most of the
regions of estimation. The simulations demonstrate the flexibility of the Bayesian approach, at
least in the provided simulations.
Finally, we propose without proof a model to estimate a multivariate regression function
in the setting as before but now when repeated observations of the response are available. We
conjecture about the full conditional posterior of the the parameters in this model, and we
provide an example of the predictions that can be obtained.
We have studied the case of classical error with normal distributions on the errors. We
tested the robustness of the model to violations of the normal distribution assumption of the
measurement errors {{δi,j}nwj=1}ni=1. We simulated data set with measurement errors with mean
zero and distributed as Student, Laplace and Cauchy. We found that the regression function
is still recovered.
Certainly, extending the distributions of the measurement errors to other distributions adds
additional complexity to the model that would need to be studied. Following these ideas, one
can also repeat all the studies and discussion we have developed and assume that the response
y distribution belongs to the exponential family. This new topic is outside the scope of the
dissertation but it would be interesting to pursue such research topic.
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CHAPTER 5. BAYESIAN MODEL USING THE APPROXIMATED SO-
LUTION FOR A PENALIZED LEAST SQUARES MINIMIZATION
PROBLEM FOR MULTIVARIATE VECTOR VALUED FUNCTIONS
In this Chapter, we focus on learning vector-valued functions using a Bayesan approach
that incorporates frequentist results from supervised learning problems where the outputs are
vector-valued. The starting idea and assumption of our investigation is that, in practical
problems, it is convenient to model the object of interest using functions with multiple outputs
and to exploit their dependencies. Thus, even when each output can be modeled separately
using the discussions and results from previous chapters, an improvement can be achieved when
estimating all the outputs at the same time. Furthermore, we will describe that independent
models for each output is a special case of the methods used in this chapter.
Let X be a non-empty set, let Y be a real Hilbert space with inner product 〈·, ·〉Y and
induced norm ‖·‖Y , let {(xi,yi)}ni=1 ⊂ X×Y be an observed sample, let H ⊂ {η : X→ Y} be a
Hilbert space of functions with semi-inner product 〈·, ·〉H and induced semi-norm ‖·‖H (Carmeli
et al. (2006)). Under these conditions, the regularized functional minimization problem in H
arg min
η∈H
n∑
i=1
‖η(xi)− yi‖2Y + nλ‖η‖2H (5.1)
is the analogous version of (2.1) for vector valued functions. The solution to this minimization
problem has only been recently studied using the perspective of linear operators in vector valued
Hilbert spaces H (Micchelli and Pontil (2004); Carmeli et al. (2006); Caponnetto et al. (2008);
Agarwal et al. (2010)). As in the univariate case, the Representer Theorem for vector valued
functions (Carmeli et al. (2006); Caponnetto and De Vito (2007); Minh et al. (2013)) provides
sufficient conditions for the existence and for the form of the solution to (5.1), but in most of
the cases, it is not feasible to compute the required expressions for an explicit solution to (5.1).
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Nevertheless, in the case that H ⊂ {η : Rd1 → Rd2}, the solution can be, in theory, explicitly
computed by solving a large system of linear equations. In this chapter we propose a Bayesian
approach to solve the non parametric regression problem using an approximate solution to the
functional minimization problem (5.1). Such approximation appears as the mean of a random
process defined by one of the full conditional posterior distributions.
The minimal needed theory of RKHS of vector valued functions is revisited in Section 5.1. In
Section 5.2 we propose and describe a Bayesian approach to estimate multivariate vector-valued
regression functions η in a Hilbert space without assumptions on the form. Furthermore, we
interpret the proposed models in the context of a frequentist non parametric regression prob-
lems. We propose three algorithms to select a real valued bandwidth parameters. Some of
their properties are conjectured and we further theoretically address calculations of bandwidth
diagonal matrices and complete bandwidth matrices. We provide details on the fitting method
of the models. Finally, in Section 5.3 we extend the the current Bayesian approach and propose
Bayesian estimators for vector-valued functions when the data available in the regression prob-
lem is contaminated with measurement errors in the covariates in classical sense. We illustrate
the methods with some examples.
5.1 Preliminaries
Let X be a non-empty set, let Y be a real Hilbert space with inner product 〈·, ·〉Y and
induced norm ‖·‖Y. Let L(Y) be the Banach space (Definition 36) of bounded linear operators
on Y.
Definition 14
Functions K : X × X → L(Y) are positive definite kernels if for any (x, z) ∈ X × X, K(x, z) ∈
L(Y) is a self adjoint operator (Definition 37) and
0 ≤
n∑
i,j=1
〈K(xi,xj)yi,yj〉Y , (5.2)
for every finite sets {xi}ni=1 ⊂ X and {yi}ni=1 ⊂ Y.
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Remark 15
If Y = Rd, the family of self adjoint operators are represented by the space of semipositive
definite matrices M+d2×d2(R).
Notation 16 Let M++d2×d2(R) denote the positive definite matrices.
Given a positive definite kernel K in the context we have discussed, there exist a unique
Y− valued RKHS HK that has K as its reproducing kernel (Carmeli et al., 2006, Proposition
2.3). Let 〈·, ·〉HK be the inner product and ‖·‖HK the induced norm. The reproducing property
satisfied by K in HK is
〈η,K(·,x)y〉HK = 〈η(x),y〉Y , for all η ∈ HK. (5.3)
.
Furthermore, let {(xi,yi)}ni=1 ⊂ X × Y a labeled training set, and let Y be a separable
Hilbert space (Definition 38) then, the Representer Theorem 81 and 82 state that the solution
to (5.1) is unique and have the form
η(x) =
n∑
i=1
K(xi,x)ai. (5.4)
In a similar way as in Section 2.2 we propose to approximate the solution to (5.1) by
minimizing in a subspace H?K ( HK. For a given set of knots {zi}ki=1 ⊂ {xi}ni=1, define
H?K = span{K(zi, ·), i = 1, ..., k}. The number of knots k and the knots {zi}ki=1 can be chosen
as in Section 2.2. Therefore, the solution to (5.1) in the space H?K has the form
η?(x) =
k∑
i=1
K(zi,x)ai. (5.5)
The space H?K is clearly a reproducing kernel Hilbert space with reproducing kernel K.
Thus, by Theorem 81 and 82 there exist a unique solution ηˆ? to the minimization problem in
this space. Let us denote with ηˆ to the solution of (5.1) in H, and ηˆ? to the solution of (5.1)
in H?, then it is not difficult to see that ηˆ? k→n−→ ηˆ because ηˆ ∈ H? as k → n, H? ⊂ H for any k
and because the solution to (5.1) is unique.
We do not claim that the convergence properties of the approximated solution ηˆ? discussed
for the real response regression problem in Section 2.2 hold for the current setting, but we
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propose ηˆ?, k << n, as approximation to the exact solution of (5.1) because of computational
feasibility at the moment of fitting the models. Furthermore, the proposition of using ηˆ? as
estimator of the true function η in the hope that we do not loose too much with respect to the
full solution ηˆ.
Now, lets consider a special case of Hilbert space and explicitly compute the solution to
the minimization problem in H?K. Let X = Rd1 , and let Y = Rd2 the Hilbert space with inner
product 〈x, z〉Y = xᵀΣ−1z and Σ ∈M++d2×d2(R).
Remark 17
The fact that Y with the above structure is a Hilbert space would need to be proven, but this
follow immediately from the definition of Hilbert space and that the quadratic form xᵀΣ−1z is
an inner product. The quadratic form is an inner product because Σ ∈ M++d2×d2(R) (Banerjee
and Roy (2014)).
Plugging (5.5) in the functional
L(η) =
n∑
i=1
(yi − η(xi))ᵀ Σ−1 (yi − η(xi)) + nλ‖η‖2HK
and using the reproducing properties of K (Proposition 77) we obtain that L restricted to the
space H?K can be written as follow
J(A) := L|H?K(η) = (Y −KxzA)
ᵀ ΨΣ,n (Y −KxzA) + nλAᵀΓA, (5.6)
where Y = vec (y1 · · ·yn), A = vec (a1 · · ·ak), Kxz ∈ Mnd2×kd2(R) is a block matrix with
i, jth block K(xi, zj), Kzz ∈ Mkd2×xd2(R) is another block matrix with i, jth block K(zi, zj),
Kzx = K
ᵀ
xz, ΨΣ,n = In ⊗ Σ−1 and Γ = KzzΨΣ,n + ΨΣ,nKzz. The problem of solving (5.1) in
the space H?K is reduced to the minimization of (5.6) in Rkd2 .
By Proposition 77 the critical points of L satisfy the system of equations
{KzxΨΣ,nKxz + nλΓ}A = KzxΨΣ,nY, (5.7)
and furthermore, Proposition 77 states that any solution to (5.7) leads to the computation of
the global maximum of L by using (5.5) jointly with any critical point of J. This property will
be helpful to further prove properties of our proposed model in Section 5.2. There, we propose
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a Bayesian model such that mean of the full conditional posterior of an induced process, solves
the minimization problem 5.1 in H?. We address the selection of an smoothing parameter
λ > 0 and theoretically extend to selection of bandwidth matrices in Section 5.2.2. For now,
we assume we are given the smoothing parameter related to the minimization problem (5.1)
λ > 0.
5.2 Bayes Regression Models
We have everything ready to state one of our main propositions for the regression problem
with observed training set {(xi,yi)}ni=1 ⊂ Rd1 × Rd2 , {zi}ki=1 ⊂ {xi}ni=1 and λ > 0. Consider
the model
yi = η(xi) + i
i
iid∼ Nd2(0,Σ).
(5.8)
Of particular interest is to estimate η using a nonparametric regression method, but from
Section 5.1, assuming a form as (5.5) with a chosen reproducing kernel K is justified. For
the form assumed of η, the unknown parameters A := vec (a1 · · ·ak), {ai}ki=1 ⊂ Rd2 and
Σ ∈ M++d2×d2(R) are to be estimated. All such ideas can be incorporated in a Bayesian model.
According to the Bayesian theory, we can provide Bayes estimators of Σ, predictors of η as a
process, and credible intervals for η(χ), χ ∈ Rd1 .
5.2.1 A first Bayes regression model
The next Proposition describes one of the Bayesian models we propose. A smoothing
parameter λ > 0 and a reproducing kernel K are assumed to be given.
Proposition 18
Let H be a RKHS of functions with domain Rd1 and rank in Rd2, let K be the reproducing
kernel of H, let the pairs {xi,yi}ni=1 ⊂ Rd1 × Rd2 be an observed labeled training set, let
Z := {zi}ki=1 ⊂ {xi}ni=1 =: X be the knots, let λ > 0 be the smoothing parameter, let b = 2nλ ,
Y = vec(y1 y2 · · · yn) observed vector-valued response, let A = vec(a1 a2 · · · ak), ai ∈ Rd2 be
the coefficients to be estimated. The auxiliary matrices are defined as Kxz ∈ Mnd2×kd2(R) a
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block matrix with (i, j)th block K(xi, zj), Kzz ∈Mkd2×xd2(R) another block matrix with (i, j)th
block K(zi, zj), Kzx = Kᵀxz, ΨΣ,n =
(
In ⊗ Σ−1
)
, Γ = ΨΣ,kKzz + KzzΨΣ,k. Consider the model
yi = η(xi) + i,
η(x) =
k∑
i=1
K(zi,x)ai,
i
iid∼ Nd2(0,Σ).
Consider the priors on the parameters
A|Σ ∼ Nkd2
[
0, bΓ+
]
Σ ∼ Inv −Wishart(A, ν),
where Γ+ is the Moore-Penrose inverse of the matrix Γ. Then the posterior of the parameters
exists and the full conditional posteriors are
Σ|Y,A ∼Inv −Wishart (Σp, ν + k + 1) ,
A|Y,Σ ∼Nkd2 [µY,ΣY] ,
µY =Γ
+Kxz
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}−1
Y
ΣY =b
{
Γ+ − Γ+Kxz
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}−1
KxzΓ
+
}
Σp =A + nλ
k∑
i=1
[AAᵀKzz](i)(i)
+
(
y1 − η(x1) · · · yn − η(xn)
)
(y1 − η(x1))ᵀ
...
(yn − η(xn))ᵀ
 ,
where [AAᵀKzz](i)(i) ∈Md2×d2(R) is the (i, i)th block matrix in the diagonal of AAᵀKzz.
Proof.
We need to proof first that the priors are well defined. In particular we need to prove that
Γ+ is a valid covariance matrix. It is trivial that Γ is symmetric. The semipositive definite
property required for Γ+ can be proven using the square norm ‖η‖2HK and the properties
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K(zi, zj) = K(zi, zj)ᵀ = K(zj , zi)ᵀ = K(zj , zi) and that K is a reproducing kernel, as we do
now. Let {ai}ki=1 ⊂ Rd2 any subset of vectors, let η =
∑k
i=1K(zi, ·)ai, then
0 ≤ ‖η‖2HK =
〈
k∑
i=1
K(zi, ·)ai,
k∑
i=1
K(zi, ·)ai
〉
HK
=
k∑
i,j=1
〈K(zi, ·)ai,K(zj , ·)aj〉HK
=
1
2
 k∑
i,j=1
〈K(zi, zj)ai,aj〉Rd2 +
k∑
i,j=1
〈ai,K(zi, zj)aj〉Rd2
 (5.9)
=
1
2
 k∑
i,j=1
aᵀiK(zi, zj)Σ−1aj +
k∑
i,j=1
aᵀiΣ
−1K(zi, zj)aj

=
1
2
k∑
i,j=1
aᵀi
{K(zi, zj)Σ−1 + Σ−1K(zi, zj)}aj
=
1
2
Aᵀ (Kzz (Ik ⊗ Σ−1)+ (Ik ⊗ Σ−1)Kzz)A,
= Γ. (5.10)
where A as defined in the statement of the Theorem and (5.9) was obtained using the repro-
ducing property of K and symmetry of the inner product 〈·, ·〉Rd2 . Thus Γ is semi positive
definite and Γ+ is semi positive definite as well.
The joint posterior of the parameters exists because all the priors are proper. Such posterior
distribution can be written as follow
[A, λ, Σ|Y, X] = [Y|A, X, λ, Σ]× [A|Σ, X, λ]× [Σ|X, λ] = [Y, A|X, λ, Σ]× [Σ] .
First we compute the full conditional posterior [A|Σ, X, λ] by observing that [Y, A|X, λ, Σ]
is a multivariate normal distribution. Let’s compute its mean and covariance matrix.
E (yi|X, λ,Σ) = E
 k∑
j=1
K(zj ,xi)aj + i
∣∣∣∣∣∣X, λ,Σ

=
k∑
j=1
K(zj ,xi)E (aj |X, λ,Σ) + E (i|X, λ,Σ)
= 0,
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E (ai|X, λ,Σ) = 0,
and
Cov [yi,yj |X, λ,Σ] = Cov
[
k∑
o=1
K(zo,xi)ao + i,
k∑
ν=1
K(zν ,xj)aν + j
∣∣∣∣∣X, λ,Σ
]
=
k∑
o=1
k∑
ν=1
Cov [K(zo,xi)ao,K(zν ,xj)aν |X, λ,Σ] + 1{i=j}Σ
=
k∑
o=1
k∑
ν=1
K(zo,xi)Cov(ao,aν)K(zν ,xi) + 1{i=j}Σ
= b [K(xi, z1) · · · K(xi, zk)] Γ+

K(xj , z1)
...
K(xj , zk)
+ 1{i=j}Σ,
Cov [ai,yj |X, λ,Σ] = Cov
[
ai,
k∑
ν=1
K(zν ,xj)aν + j
∣∣∣∣∣X, λ,Σ
]
=
k∑
ν=1
Cov(ai,aν)K(zν ,xj)
= b
[
Γ+(i)(1) Γ
+
(i)(2) · · · Γ+(i)(k)
]

K(xj , z1)
...
K(xj , zk)

Cov [yj ,ai|X, λ,Σ] = [K(z1,xj) · · · K(xk, zj)]

Γ+(1)(i)
...
Γ+(k)(i)

Cov(ai,aj |Σ, X, λ) = bΓ+(i)(j).
Then
[vec (A,Y)|Σ, X, λ] ∼ N(k+n)×d2
0, b
 Γ+ Γ+Kzx
KxzΓ
+ KxzΓ
+Kzx +
nλ
2 (In ⊗ Σ)

 .
Using the properties of multivariate normal distributions we obtain the conditional distribution
[A|Σ, X, λ] ∼ Nkd2 (µY,ΣY).
117
What is left to do now, is to find the expression for the full conditional of Σ. For this task
we need that Kzz
(
In ⊗ Σ−1
)
=
(
In ⊗ Σ−1
)
Kzz. For any {ai}ki=1, {bi}ki=1 ⊂ Rd2 we have:〈
k∑
i=1
K(zi, ·)ai,
k∑
j=1
K(zj , ·)bj
〉
HK
=
k∑
i=1
k∑
j=1
〈K(zi, ·)ai,K(zj , ·)bj〉HK
=
k∑
i,j=1
〈K(zi, zj)ai,bj〉Rd2 (5.11)
=
k∑
i,j=1
aᵀiK(zi, zj)Σ−1bj , (5.12)
equality (5.11) is due to the reproducing property. In a similar way but using the symmetry
property of the inner products we obtain〈
k∑
i=1
K(zi, ·)ai,
k∑
j=1
K(zj , ·)bj
〉
HK
=
k∑
i,j=1
aᵀiΣ
−1K(zi, zj)bj . (5.13)
Expressions (5.12) and (5.13) must be equal because they are both equal to the same quantity.
Furthermore:
k∑
i,j=1
aᵀiK(zi, zj)Σ−1bj =
k∑
i,j=1
aᵀiΣ
−1K(zi, zj)bj
then AᵀKzz
(
Ik ⊗ Σ−1
)B = Aᵀ (Ik ⊗ Σ−1)KzzB
In particular, if we take A ∈ Mkd2×1(R) the vector column with zeros in all entries but 1 in
entry i, and B ∈ Mkd2×1(R) the vector column with zeros in all entries but 1 in entry j, we
obtain [Kzz
(
Ik ⊗ Σ−1
)
]i,j = [
(
Ik ⊗ Σ−1
)
Kzz]i,j , hence
Kzz
(
Ik ⊗ Σ−1
)
=
(
Ik ⊗ Σ−1
)
Kzz. (5.14)
Now we compute the full conditional posterior [Σ|Y,A,X, λ] writing the log likelihood
and priors. In the following equations, C represents a constant that may not be the same in
different lines of the equations. The explicit value of C may be obtained by completing the
terms required for the expression to be complete.
− log {[Σ|Y,A,X, λ]} =− log {[Y|A, X, λ, Σ]× [A|Σ, X, λ]× [Σ]}+ C
=− 1
2
log|Σ|+ 1
2
n∑
i=1
(Yi − η(xi))ᵀ Σ−1 (Yi − η(xi))
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− 1
2
log
∣∣bΓ+∣∣
+
− 1
2b
AᵀΓA
− ν + d2 + 1
2
log|Σ|+ 1
2
Tr
{
AΣ−1
}
+ C
=− 1
2
[
log|Σ|+ log|Γ|−1+ + (ν + d2 + 1) log|Σ|
]
− 1
2
[
n∑
i=1
Tr
{
(Yi − η(xi))ᵀ Σ−1 (Yi − η(xi))
}
+ b−1 Tr {AᵀΓA}
]
+
1
2
Tr
{
AΣ−1
}
+ C
=− 1
2
[
log|Σ|+ log|Γ|−1+ + (ν + d2 + 1) log|Σ|
]
− 1
2
[
n∑
i=1
Tr
{
(Yi − η(xi)) (Yi − η(xi))ᵀ Σ−1
}
+
1
b
Tr {AAᵀΓ}
]
+
1
2
Tr
{
AΣ−1
}
+ C
=− 1
2
[
log|Σ|+ log|2KzzΨΣ,k|−1+ + (ν + d2 + 1) log|Σ|
]
− 1
2
[
n∑
i=1
Tr
{
(Yi − η(xi)) (Yi − η(xi))ᵀ Σ−1
}]
− 1
2
[
2
b
Tr {AAᵀKzzΨΣ,k}+ Tr
{
AΣ−1
}]
+ C (5.15)
=− 1
2
[
log|Σ|+ log|Σ|k + (ν + d2 + 1) log|Σ|
]
− 1
2
[
n∑
i=1
Tr
{{(Yi − η(xi)) (Yi − η(xi))ᵀ + A}Σ−1}]
− 1
2
[
nλ Tr
{
k∑
i=1
[AAᵀKzz](i)(i) Σ−1
}]
+ C
=− 1
2
[(ν + 1 + k) + d2 + 1] log|Σ|
− 1
2
[
n∑
i=1
Tr
{{
(Yi − η(xi)) (Yi − η(xi))ᵀ + nλ
k∑
i=1
[AAᵀKzz](i)(i) + A
}
Σ−1
}]
,
where equation (5.15) is obtained using (5.13). The last expression is the negative of the
log-likelihood of an inverse Wishart distribution with respective parameters described by:
Σ|Y,A ∼ Inv −Wishart (Σp, ν + k + 1) .
One has to observe the interpretation of the deterministic function defined by µY, the mean
of the full conditional posterior of A. By Proposition 79, µY arranged as µY = vec (aˆ1 · · · aˆk),
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aˆi ∈ Rd2 satisfies equation (5.7), then by the arguments in Section 5.1, the function
ηˆ(x) =
k∑
i=1
K(zi,x)aˆi (5.16)
solves the minimization problem (5.1) in H?K and as k → n, it solves (5.1) in HK. This is the
interpretation to the proposed regression Bayes model.
Conditional to Σ, point estimates for η in the sampling points {xi}ni=1 can be computed
using (5.16) which in matrix notation is written as:
vec (ηˆ(x1) · · · ηˆ(xn)) = KxzµY
= KxzΓ
+Kxz
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}−1
Y
= A(λ)Y,
where
A(λ) = KxzΓ
+Kxz
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}−1
is the version of expression (2.21) and (2.22) for the current setting. A(λ) is in fact a projection
matrix but we do not need to prove this statement as this property will not be needed. A(λ)
will be useful in the Sections ahead.
Nevertheless, the proposed estimator of the function η is the process defined by (5.5) and
the marginal posterior [A|Y, λ,X]. Thus, the estimator for η(xi) is the marginal posterior
mean [η(xi)|Y, λ,X] and a predictor for η(χi), new value χ ∈ Rd1 is the marginal posterior
predictive mean [η(χi)|Y, λ,X].
The smoothing parameter λ > 0 was assumed given. In the next section we propose three
methods to choose these parameters conditionally on Σ.
5.2.2 Smoothing parameter selection
The function obtained by approximating the solution to (5.1) through the minimization
of (5.6) depend on a known λ, smoothing parameter. The importance of choosing adequate
values for λ is that they control the trade off between smoothness of the solution to (5.1) as
measured by ‖·‖2H, and how well the solution describe the data as measured by the quadratic
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loss function
∑n
i=1‖η(xi)− yi‖2H. The topic of selecting adequate smoothing parameter will
be addressed now. Furthermore, we discuss the possibility of choosing bandwidth matrices for
improvement of the fitted regression.
5.2.2.1 Smoothing parameter using a unbiased estimate of relative loss method
In this section we conjecture on a generalization of the UERL method to choose the smooth-
ing parameters (Mallows (1973) and Section 2.3.1) for the problem (5.1) with H ∈ {η : Rd1 →
Rd2}. The proposal is not fully proven to have the property we claim, therefore we let the result
as a conjecture. Nevertheless, this method seems to provide adequate bandwidth parameters
in practice.
In the context of problem (5.1), given λ > 0 and possible extra bandwidth parameters
{hi}pi=1 ⊂ R+ hidden in ‖·‖KK , Theorem 82 provides conditions for the unique existence of a
solution. The performance of ηλ,θ1,··· ,θp solution to the minimizations problem (ηλ by simplic-
ity), can be assessed via the loss function L(λ, θ1, · · · , θp) = L(λ) with Σ ∈Md2×d2(R) positive
definite, and defined as
L(λ) = n−1
n∑
i=1
(ηλ(xi)− η(xi))ᵀ Σ−1 (ηλ(xi)− η(xi)) (5.17)
which is a version of (2.54) for vector values functions.
Remark 19
Model (5.8) leads to an interpretation of having xᵀΣ−1x as inner product in Rd2. This is one
of the reason for the form of the loss function (5.17). Another reason is that we will use these
results for regression problems when the response is multivariate normal distributed; the log
likelihood of this model has the form of (5.17) so we can apply it later.
Observe that (5.17) as function of ηX = vec (ηλ(x1) · · · ηλ(xn)) is a convex function, ηλ is
unique for each λ (and hi’s), therefore there is a unique minimum for L. The disadvantage of
the loss function L is that, since we do not know η, it can not be computed explicitly.
We conjecture that the following score U , a generalization of the score (3.11), estimates L.
U (λ) =
1
n
Yᵀ (I −A(λ))ᵀ (In ⊗ Σ−1) (I −A(λ)) Y + 2
n
trA(λ). (5.18)
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Conjecture 20
If lim λ→0
n→∞
nE (L(λ)) = ∞, the errors i’s are independent with common covariance matrix
and uniformly bounded fourth moments, then (5.18) is an estimate of the relative loss L +
n−1ᵀ
(
In ⊗Σ−1
)
 in the sense
U (λ)− L(λ)− n−1ᵀ (In ⊗Σ−1)  = op(L(λ)).
We now provide an heuristic proof of the conjecture:
Proof.
Lets define ηX = vec (η(x1)
ᵀ · · · η(xn)ᵀ) and ΨΣ,n =
(
In ⊗ Σ−1
)
. nL can be expanded as:
nL(λ) =
n∑
i=1
(ηλ(xi)− η(xi))ᵀ Σ−1 (ηλ(xi)− η(xi))
=
n∑
i=1
(
[A(λ)Y](i) − η(xi)
)ᵀ
Σ−1
(
[A(λ)Y](i) − η(xi)
)
= {A(λ)Y − ηX}ᵀ ΨΣ,n {A(λ)Y − ηX}
=YᵀA(λ)ᵀΨΣ,nA(λ)Y + η
ᵀ
XΨΣ,nηX − 2YᵀA(λ)ᵀΨΣ,nηX
=ηᵀXA(λ)
ᵀΨΣ,nA(λ)ηX + 2
ᵀA(λ)ᵀΨΣ,nA(λ)ηX + 
ᵀA(λ)ᵀΨΣ,nA(λ)
− 2 [ηᵀXA(λ)ᵀΨΣ,nηX + ᵀA(λ)ᵀΨΣ,nηX]
+ ηᵀXΨΣ,nηX
=ηᵀX [I −A(λ)]ᵀ ΨΣ,n [I −A(λ)] ηX − 2ᵀA(λ)ᵀΨΣ,n [I −A(λ)] ηX
+ ᵀA(λ)ᵀΨΣ,nA(λ).
On the other side, U can be rewritten as:
nU (λ) =Yᵀ (I −A(λ))ᵀ ΨΣ,n (I −A(λ)) Y + 2trA(λ)
=ηᵀX (I −A(λ))ᵀ ΨΣ,n (I −A(λ)) ηX + 2trA(λ)
+ ᵀ (I −A(λ))ᵀ ΨΣ,n (I −A(λ)) 
+ 2ᵀ (I −A(λ))ᵀ ΨΣ,n (I −A(λ)) ηX
=ηᵀX (I −A(λ))ᵀ ΨΣ,n (I −A(λ)) ηX + 2trA(λ)
+ ᵀΨΣ,n+ 
ᵀA(λ)ΨΣ,nA(λ)− ᵀ [ΨΣ,nA(λ) +A(λ)ΨΣ,n] 
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+ 2ηᵀX (I −A(λ))ᵀ ΨΣ,n (I −A(λ)) .
Therefore, we can compute with the previous expression of L and U the next equality:
n [U (λ)− L(λ)− ᵀΨΣ,n] =2trA(λ)− ᵀ [ΨΣ,nA(λ) +A(λ)ᵀΨΣ,n] 
+ 2ηᵀX (I −A(λ))ᵀ ΨΣ,n (I −A(λ)) 
+ 2ᵀA(λ)ᵀΨΣ,n (I −A(λ)) ηX
=2trA(λ)− ᵀ [ΨΣ,nA(λ) +A(λ)ᵀΨΣ,n] 
+ 2ηᵀX (I −A(λ))ᵀ ΨΣ,n. (5.19)
Observe as well that
E (ᵀ [ΨΣ,nA(λ) +A(λ)ᵀΨΣ,n] ) =tr ([ΨΣ,nA(λ) +A(λ)ᵀΨΣ,n]Cov())
=tr
(
[ΨΣ,nA(λ) +A(λ)
ᵀΨΣ,n] ΨΣ−1,n
)
=tr
[
ΨΣ,nA(λ)ΨΣ−1,n
]
+ tr
[
A(λ)ᵀΨΣ,nΨΣ−1,n
]
=tr
(
[ΨΣ,nA(λ) +A(λ)
ᵀΨΣ,n] ΨΣ−1,n
)
=tr
[
ΨΣ,nA(λ)ΨΣ−1,n
]
+ tr
[
A(λ)ᵀΨΣ,nΨΣ−1,n
]
=tr
[
ΨΣ−1,nΨΣ,nA(λ)
]
+ tr [A(λ)ᵀ]
=2trA(λ). (5.20)
We think the conjecture follows by using (5.19), (5.20) and the next expressions that would need
to be proven as well using the eigenvalue decomposition A(λ) = PDP ᵀ, that the eigenvalues
are between 0 and 1, common covariance matrix and uniformly fourth bounded moments:
L(λ)− EL(λ) = op (EL(λ))
1
n
ηᵀX(I −A(λ))ΨΣ−1,n = op (EL(λ))
1
n
{2trA(λ)− ᵀ [ΨΣ,nA(λ) +A(λ)ΨΣ,n] } = op (EL(λ)) .
The heuristic proof ends here. But a strict mathematical justification would need to take
into account that the minimizers of U and L are stochastic.
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Since 1n
ᵀΨΣ,n does not depend on λ, and if the conclusion of Conjecture (20) holds, then
U (λ) tracks L(λ) closely. By consistency with the previous chapters we call the minimizer λu
of (5.18) the Unbiased Estimate of Relative Loss (UERL) estimate of λ.
5.2.2.2 Smoothing parameter using a generalized cross validation type method
In Section 2.3.2, a cross validation procedure to select bandwidth parameters for the pe-
nalized least squares minimization problem (1.1) was reviewed. We now attempt to generalize
such method and adjust the ideas to select adequate bandwidth parameters for the minimiza-
tion problem (5.1) in the space of vector valued multivariate functions in the euclidean space.
We propose a generalization to the generalized cross validation method (2.59) and conjecture
about the properties of our proposed score function.
For the observed realizations {(xi,yi)}ni=1 ⊂ Rd1 ×Rd2 , we minimize, with respect to λ, the
score V0 described by the expression:
V0(λ) =
1
n
n∑
i=1
(
η
[i]
λ (xi)− yi
)ᵀ
Σ−1
(
η
[i]
λ (xi)− yi
)
,
where η
[k]
λ is the minimizer of the functional
n∑
i=1
i 6=k
(yi − η(xi))ᵀ Σ−1 (yi − η(xi)) + nλJ (η). (5.21)
It is not necessary to solve (5.21) n times but the delete-one operation can be done analyt-
ically as the following Lemma states.
Lemma 21
The minimizer η
[k]
λ of the delete-one functional (5.21) minimizes the full data functional
(y˜k − η(xk))ᵀ Σ−1 (y˜k − η(xk)) +
n∑
i=1
i 6=k
(yi − η(xi))ᵀ Σ−1 (yi − η(xi)) + nλJ (η),
where y˜k = η
[k]
λ (xk).
Proof.
Observe that for all η 6= η[k]λ(
y˜k − η[k]λ (xk)
)ᵀ
Σ−1
(
y˜k − η[k]λ (xk)
)
+
n∑
i=1
i 6=k
(
yi − η[k]λ (xi)
)ᵀ
Σ−1
(
yi − η[k]λ (xi)
)
+ nλJ (η
[k]
λ )
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=
n∑
i=1
i 6=k
(
yi − η[k]λ (xi)
)ᵀ
Σ−1
(
yi − η[k]λ (xi)
)
+ nλJ (η)
<
n∑
i=1
i 6=k
(yi − η(xi))ᵀ Σ−1 (yi − η(xi)) + nλJ (η)
≤ (y˜k − η(xk))ᵀ Σ−1 (y˜k − η(xk)) +
n∑
i=1
i 6=k
(yi − η(xi))ᵀ Σ−1 (yi − η(xi)) + nλJ (η)
We aim to rewrite V0 using Lemma 21 in a way that its computation is more efficient. First
we have:
by Lemma 21 vec
(
η
[k]
λ (x1) · · · η[k]λ (xn)
)
= A(λ) vec
(
y1 · · ·yk−1 η[k]λ (xk) yk+1 · · ·yn
)
,
then vec
(
ηλ(x1)− η[k]λ (x1) · · · ηλ(xn)− η[k]λ (xn)
)
= A(λ) vec
(
0d2 · · · 0d2 yk − η[k]λ (xk) · · · 0d2
)
,
then ηλ(xj)− η[k]λ (xj) = [A(λ)](j)(k)
(
yk − η[k]λ (xk)
)
,
then ηλ(xi)− [A(λ)](i)(i)yi =
(
Id2 − [A(λ)](i)(i)
)
η
[i]
λ (xi),
then ηλ(xi)− [A(λ)](i)(i)yi −
(
Id2 − [A(λ)](i)(i)
)
yi =
(
Id2 − [A(λ)](i)(i)
) (
η
[i]
λ (xi)− yi
)
,
then ηλ(xi)− yi =
(
Id2 − [A(λ)](i)(i)
) (
η
[i]
λ (xi)− yi
)
,
then
(
Id2 − [A(λ)](i)(i)
)−1
(ηλ(xi)− yi) =
(
η
[i]
λ (xi)− yi
)
,
then (ηλ(xi)− yi)ᵀ
(
Id2 − [A(λ)](i)(i)
)−1
Σ−1...
...
(
Id2 − [A(λ)](i)(i)
)−1
(ηλ(xi)− yi) =
(
η
[i]
λ (xi)− yi
)ᵀ
Σ−1
(
η
[i]
λ (xi)− yi
)
,
where [A(λ)](i)(j) is the (i, j)th d2 × d2 sub-matrix of A(λ). Therefore
V0(λ) =
n∑
i=1
(ηλ(xi)− yi)ᵀ
[(
Id2 − [A(λ)](i)(i)
)
Σ
(
Id2 − [A(λ)](i)(i)
)]−1
(ηλ(xi)− yi)
=
n∑
i=1
tr
{[(
Id2 − [A(λ)](i)(i)
)
Σ
(
Id2 − [A(λ)](i)(i)
)]−1
(ηλ(xi)− yi) (ηλ(xi)− yi)ᵀ
}
.
Extrapolating the ideas from the uni-variate case, Section 2.3.2, not all sampling points
contribute equally to the estimation of η. We could use the next weighted version of V0(λ):
V1(λ) =
n∑
i=1
tr
{
ωi
[(
Id2 − [A(λ)](i)(i)
)
Σ
(
Id2 − [A(λ)](i)(i)
)]−1
(ηλ(xi)− yi) (ηλ(xi)− yi)ᵀ
}
.
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If ωi =
1
n
{∑n
i=1
(
Id2 − [A(λ)](i)(i)
)
Σ
(
Id2 − [A(λ)](i)(i)
)}−1 [(
Id2 − [A(λ)](i)(i)
)
Σ
(
Id2 − [A(λ)](i)(i)
)]
is chosen, a generalized cross validation score is obtained. Such score is an attempt to extend
the method proposed by Wahba and Craven (1978), Li (1986), Gu (2013), Section 2.3.2. Let
V2(λ) =
n∑
i=1
tr


n∑
j=1
(
Id2 − [A(λ)](j)(j)
)
Σ
(
Id2 − [A(λ)](j)(j)
)
−1
(ηλ(xi)− yi) (ηλ(xi)− yi)ᵀ

=
n∑
i=1
(ηλ(xi)− yi)ᵀ

n∑
j=1
(
Id2 − [A(λ)](j)(j)
)
Σ
(
Id2 − [A(λ)](j)(j)
)
−1
(ηλ(xi)− yi)
=
n∑
i=1
(ηλ(xi)− yi)ᵀ F−1λ (ηλ(xi)− yi)
=
n∑
i=1
[A(λ)Y −Y]ᵀ(i) F−1λ [A(λ)Y −Y](i)
= Yᵀ [Ind2 −A(λ)]ᵀ ΨFλ,n [Ind2 −A(λ)] Y,
where Fλ =
∑n
i=1
(
Id2 − [A(λ)](i)(i)
)
Σ
(
Id2 − [A(λ)](i)(i)
)
. Again, Conditions 3 and 4 provide
enough assumptions so that (2.58), the version of V2 for the real nonparametric problem re-
gression problem, is a consistent estimator of the relative loss. We were unable to provide
conditions so that V2 is a consistent estimator of the relative loss (5.17) and we leave it as an
open problem.
Problem 22 What are minimal conditions so that V2 is a consistent estimator of the loss
function (5.17)?.
A conjecture to solve this problem is the following.
Conjecture 23 If lim λ→0
n→∞
nE (L(λ)) = ∞. lim λ→0
n→∞
{n−1trA(λ)}2
n−1tr[A(λ)ΨΣ,nA(λ)ΨΣ−1,n]
= 0, the errors
i’s are independent with common covariance matrix and uniformly bounded fourth moments,
then V2 is an estimate of the relative loss (5.17) in the sense
n−1V2(λ)− L(λ)− n−1ᵀ
(
In ⊗ Σ−1
)
 = op(L(λ)).
It was mentioned for the univariate response regression problem, the respective version of
V2, that the minimization of the score (2.58) occasionally delivers λ that leads to sever under-
smoothed regressions. Kim and Gu (2004) for the real regression problem suggest a modified
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version with a fudge factor α, expression (2.59). Since there are not strong reasons to doubt
about occasional severe under smooth using our proposal V2, we propose a version with a fudge
factor α as well.
V (λ, α) = Yᵀ [Ind2 −A(λ)]ᵀ ΨFλ(α),n [Ind2 −A(λ)] Y, (5.22)
with Fλ(α) =
∑n
i=1
(
Id2 − α[A(λ)](i)(i)
)
Σ
(
Id2 − α[A(λ)](i)(i)
)
.
It is indeed needed to study the properties (5.22) and answer the basic questions such as: is
it a consistent estimate of V in any sense for some minimal conditions? (conjecture 23), what
adequate value of α can be taken? For now we decide to use α = 1.4 as an empirical value which
was recommended by Kim and Gu (2004) in the case of the problem for real valued regression
functions. Kim et. al. and from Chapter 3 we conclude that the empirical value α = 1.4
provides adequate performance over a range of simulation settings. By the same arguments as
by Kim et. al., an optimal value α, if indeed there is an optimal one, would depend on the true
function η and possibly other factors. Let us denote as λv the global minimizer of (5.22).
5.2.2.3 Smoothing parameter selection using a maximum likelihood method
under Bayesian model
Using same notation as before, we propose a third score so that its minimizer can be seen
as a smoothing parameter to be used in the minimization problem (5.1).
M(λ) =λYᵀ
{
Kxz
(
In ⊗ Σ−1
)
Kzx +
nλ
2
[(
In ⊗ Σ−1
)
Kzz + Kzz
(
In ⊗ Σ−1
)]}
Y
×
∣∣∣∣ 2nλKxz (In ⊗ Σ−1)Kzx + (In ⊗ Σ−1)Kzz + Kzz (In ⊗ Σ−1)
∣∣∣∣− 1nd2
+
(5.23)
∝λ1− k
?
nd2 Yᵀ
{
Kxz
(
In ⊗ Σ−1
)
Kzx +
nλ
2
[(
In ⊗ Σ−1
)
Kzz + Kzz
(
In ⊗ Σ−1
)]}
Y
×
∣∣∣∣Kxz (In ⊗ Σ−1)Kzx + nλ2 [(In ⊗ Σ−1)Kzz + Kzz (In ⊗ Σ−1)]
∣∣∣∣ 1nd2
+
where |A|+ is the product of the positive eigenvalues of A and
k? = rank
{(
In ⊗ Σ−1
)
Kzz + Kzz
(
In ⊗ Σ−1
)}
. (5.24)
The function M is a generalization of the score described in Section 2.72, and was obtained
following the lines of Section 2.3.3. Such method is not designed to select smoothing parameters
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by minimizing any loss function like (5.23) instead, the smoothing parameters arises in the
context of some parameters in a Bayesian model based fitting approach. Let us denote as λm
the global minimizer of M.
In order to visualize the scores described in this section, we simulated a training set
{(xi,yi)}100i=1 ⊂ R2 × R2 with the form yi = (η1(xi), η2(xi)) + i, i iid∼ N2 (0, ( 1 0.80.8 1 )). η1
is described by (3.17) and η2 is described by (5.25).
η((x(1), x(2))) =
[
4 +
sin(12pix(1))
1 + 4x2(1)1(x(1) > 0)
]
+
[
sin(x(2)) + cos(x(2)) + x(2)
]
. (5.25)
Figure 5.1 next, shows and example of the plotted scores obtained with simulated data,
xi ∈ R2, yi ∈ R2. For each plot and only for this example we uses four algorithms in order
to compute the minimizer, we use the software R functions GenSA Yang Xiang et al. (2013),
optim, optimize, R Core Team (2016) and nlm0 Gu (2014). It is noticeable that the Restrictive
Maximum likelihood score is numerically unstable and a smoothed version was used to find
the minimum. All scores have its respective global minimum and the three of them are close
to each other. The GCV score has an obvious local minimum; one has to be careful that the
numerical method used to minimize the score does not return a local minimum.
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Figure 5.1 Example Score for Single Smoothing Parameter, Vector Multivariate Regression
Problem. The global minimum of the scores provide a selection for the smoothing
parameter in the minimization problem (5.1). Data simulated with n = 100,
Σ = ( 1 0.80.8 1 ). η = (η1, η2) where η1 and η2 are described by (3.17) and (5.25)
respectively. Plots computed using known Σ, k = 60
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5.2.3 Possible generalization to diagonal bandwidth matrices and to full band-
width matrices
Given reproducing kernel K, its associated RKHS HK and the minimization problem (5.1),
we proposed three methods to chose the univariate smoothing parameter λ > 0 by introducing
first, a loss function (5.17) consistent with the inner product assumed for Rd2 , second, the
proposed scores were discussed to closely follow the form of the loss function, finally, we argued
that the minimizer of such scores is an estimator of the minimizer of the loss function (5.17).
We now propose an extension of the methods to select bandwidth matrices for the min-
imization problem (5.1). We assume we have available a reproducing kernel K in the space
HK ⊂
{
η : Rd1 → Rd2∣∣ ‖η‖HK <∞}. Lets define the parametric set of reproducing kernels
SK =
{
HK(·, ·)H|H ∈M++d2×d2(R)
}
.
Each element of SK is a reproducing kernel because we multiplied by both sides with a positive
definite linear operator (Belkin et al. (2005); Micchelli and Pontil (2005); Caponnetto et al.
(2008)). Each reproducing kernel HKH has its respective RKHS (Micchelli and Pontil (2005))
and we can define the minimization problem (5.1) using the induced norm ‖·‖HKH in such
RKHS . Then, we can repeat, for fixed H ∈M++d2×d2(R), all the arguments provided in Sections
5.2.2.1, 5.2.2.2 and 5.2.2.3 within each RKHS in SK: we take the loss function (5.17) and
approximate the minimizer either of the either of the scores U, V or M. Now, such score
functions depend as well of a positive definite matrix H trough the projection matrix A(λ,H).
We can minimize over such scores over λ > 0 and H in the cone of positive definite matrices. In
order to avoid identifiability issues, we need to set a constrain on λ and H, we can put λ = 1.
If we set λ = 1 and assume that H =
(
H11 ··· 0
0
. . . 0
0 ··· Hd2d2
)
is diagonal, Hii > 0, the minimization
of the scores (5.18), (5.22) and (5.23) is carried over the positive quadrant of Rd2 . If we set
λ = 1 and H is required to be general positive definite matrix, we would need to minimize
over the cone of positive definite matrices. A way to achieve this minimization is by using the
Cholesky decomposition H = LLᵀ (Banerjee and Roy (2014)). The Cholesky decomposition is
unique for positive definite matrices, where L is a lower triangular matrix, the diagonal has only
positive values and the lower off diagonal elements can take on any value. The parametrization
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provided by Cholesky decomposition is helpful when using the algorithms to minimize the
multivariate function (5.18), (5.22) and (5.23) in the correct constrained space. Furthermore,
if we want to use full positive definite matrices H in SK, it is expensive to compute the
Cholesky decomposition each time the scores are needed to be evaluated, instead we could use
kernels of the form LK(·, ·)Lᵀ with L a matrix similar to the ones obtained from the Cholesky
decomposition of positive definite matrices. Such operators, LK(·, ·)Lᵀ, are indeed reproducing
kernels of a RKHS (Caponnetto et al. (2008)).
As visualization of the function scores defined in the way just described, we simulated a
training set {(xi,yi)}100i=1 ⊂ R2×R2 with the form yi = (η1(xi), η2(xi))+i, i iid∼ N (0, ( 1 0.80.8 1 )).
η1 is described by (3.17) and η2 is described by (5.25). Figure 5.1 shows and example of the
plotted scores obtained with the simulated data. For each plot we used the L-BFGS-B method
optim the from R-software function (R Core Team (2016)).
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Figure 5.2 Example Scores Functions to Select Diagonal Bandwidth Matrices. Vector Multi-
variate Regression Problem. Data simulated with n = 100, k = 60, Σ = ( 1 0.80.8 1 ).
η = (η1, η2) where η1 is described by (3.17) and η2 is described by (5.25). The
minimizer of the scores are represented in the plots by the dot. It was not pos-
sible to minimize the score Restrictive Maximum Likelihood because of numerical
instability of the evaluation of M , but we visually selected the minimizer.
Remark 24
The main difficulty, we found, of selecting bandwidth matrices by minimizing either U or V, is
that there exists local minimums. Depending on the starting point to search for the minimums,
one can not ensure to have found the global minimum. The global minimum in Figure 5.2
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left and center plots, were found by providing an adequate starting point to be employed in the
search L-BFGS-B algorithm. The minimum indicated in the right graph, Figure 5.2, for M,
was found by looking at the plot.
There are still open problems regarding to selecting bandwidth matrices and we propose
these methods as starting points for further research.
5.2.4 Regression model with selection of smoothing parameters and estimator of
observed error covariance
Proposition 18 describes a Bayesian model with the property that the deterministic function
ηˆ(χ) = E[η(χ)|Y,Σ, λ] approximates the minimization of (5.1), and thus, we used the process
defined by [η(·)|Y,Σ, λ] as estimator for the regression function η in (5.8). Thus, as Proposition
18 is now, we need to have selected first the bandwidth parameters λ > 0 and H inM++d2×d2(R),
which can be done as described in Sections 5.2.2 and 5.2.3. Nevertheless, the score functions
U, V and M depend on the covariance matrix Σ. One can provide an external estimator Σˆext,
select the bandwidth parameters taking Σ = Σˆext and finally fit the model in Proposition 18
using Σ = Σˆext and the selected smoothing parameters.
Examples of estimators Σˆ without the need of estimating η could be obtained using differ-
ence covariance estimators, generalizations of expressions (4.11), (4.12), (4.13) or (4.14). We
admit these type of estimators for Σ are only conjectures from our side because we did not
find previous work on this subject. Nevertheless, we investigated the possible matrix estimate
version of (4.12) using the expression
Σˆ =
1
n
n∑
i=1
(yi − yi,1) (yi − yi,1)ᵀ , (5.26)
where yi,1 is the first nearest neighbor (Definition 44) of yi. Our small simulations for Σ ∈
M2×2(R) provided positive results in the sense that Σˆ seemed to be an unbiased estimator
with small variability, Σˆ ≈ Σ.
From our experience with simulations in Chapters 3 and 4, we think that a Bayesian ap-
proach to estimate η with difference method for Σˆ would be surpassed by a model that estimates
η, Σ and selects the bandwidth parameters simultaneously. Such model will be our focus of
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attention in the following sections. Nevertheless, the former approach is computationally less
intensive because the posterior distributions are known and no MCMC methods are needed.
Proposition 25
Let H a RKHS of functions with domain Rd1 and rank in Rd2. Let K the reproducing kernel
of H. Let the pairs {xi,yi}ni=1 ⊂ Rd1 × Rd2 be an observed labeled training set, let Z :=
{zi}ki=1 ⊂ {xi}ni=1 =: X. Let Y = vec(y1 y2 · · · yn), let A = vec(a1 a2 · · · ak) with ai ∈ Rd2,
let Kxz ∈ Mnd2×kd2(R) be a block matrix with i, jth block K(xi, zj), let Kzz ∈ Mkd2×xd2(R)
be a another block matrix with i, jth block K(zi, zj), let Kzx = Kᵀxz, ΨΣ,n =
(
In ⊗ Σ−1
)
and
Γ = ΨΣ,kKzz + KzzΨΣ,k. Consider the model
yi = η(xi) + i,
η(x) =
k∑
i=1
K(zi,x)ai,
i
iid∼ Nd2(0,Σ),
with priors on the parameters
A|Σ, H, λ ∼Nkd2
[
0,
2
nλ
Γ+
]
,
P(H < H0|Σ = S,X = x) =
∫
Rnd2
1
{
H0 < arg min
x=1, H1 pos.def.
U (x,H1|S,y,x)
}
dFy|X=x(y),
λ|Σ =1 almost surely
Σ ∼Inv −Wishart(A, ν),
where Γ+ is the Moore-Penrose inverse of the matrix Γ. Unless stated otherwise, independence
is assumed. The event H < H0 for two positive definite matrices denote that H0−H is positive
definite.
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Alternatively, one can assign the following priors to the smoothing parameters.
P(λ ≥ λ0|Σ = S,X = x) =
∫
Rnd2
1
{
λ0 ≥ arg min
x>0,H1=Id2
U (x,H1|S,y,x)
}
dFy|X=x(y),
H|Σ =Id2 almost surely.
(5.27)
Remark 26
If a bandwidth matrix H is required, such as in the former priors for H and λ, the matrices
Kzz and Kxz are function of H, thus Γ is function of H as well. If it is assumed that H = Id2
and only λ > 0 is needed to be selected, as in the later alternative priors (5.27) , then neither
Kzz nor Kxz depend of smoothing parameters.
Then, the joint posterior of the parameters exists and the full conditional posteriors are
A|Y,Σ, λ,H ∼Nkd2 [µY,ΣY] ,
µY = Γ
+Kxz
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}−1
Y,
ΣY =
nλ
2
{
Γ+ − Γ+Kxz
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}−1
KxzΓ
+
}
,
(H|Σ,Y) = arg min
x=1, H pos.def.
{U (x,H|Σ,Y)} almost surely,
(λ|Σ,Y) =1 almost surely,
Σ|Y,A, λ,H ∼Inv −Wishart (Σp, ν + k + 1) ,
Σp = A +
nλ
2
k∑
i,j=1
HK(zi, zj)Haiaᵀj
+
(
y1 − η(x1) · · · yn − η(xn)
)
(y1 − η(x1))ᵀ
...
(yn − η(xn))ᵀ
 .
If the priors (5.27) were chosen, the corresponding full conditional posteriors are
H|Σ = Id2 almost surely,
λ|Σ = arg min
x>0,H=I
{U (x,H|Σ,Y)} almost surely.
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Proof.
The joint posterior distribution exists because all the priors are proper. Conditional on λ, H
and Σ, the full conditional posterior of A is already proven to have the claimed form because
of Proposition 18. The full conditional posterior of λ or H can be obtained directly observing
that the prior was defined with the form
∫
fλ|y(λ)dFY (y), thus, the full conditional posterior
is given by the distribution defined by fλ|y. The full conditional posterior of Σ is obtained as
in the proof of Proposition 18.
Additionally, the model in Proposition 25 can be modified through the priors on λ and H
conditional on Σ by minimizing the scores V or M instead of using U . For the expressions of
U , V and M see (5.18), (5.22) and (5.23) respectively.
Remark 27
One have to use caution in the process of fitting the model because numerical problems to find
the minimum of the scores U, V or M as function of positive definite matrices H, as was
described in Remark 24.
5.2.5 Implementation and example of estimation
In this section we provide details on the fitting procedure of model from Proposition 25. It is
needed in Proposition 25 a matrix-valued positive definite kernel K : Rd1 ×Rd1 →M+d2×d2(R).
Such Kernel completely defines the Hilbert space HK, its inner product and the respective
norm ‖·‖HK (Carmeli et al., 2006, Proposition 2.3). Therefore, the minimization problem (5.1)
and its interpretation is completely defined by K. In a sense, we are proceeding to estimate
η using a different direction of arguments as we did for real valued regression functions in
the corresponding discussions from Chapters 2, 3 and 4. In those Sections, we started with a
functional minimization problem (1.1) such as thin plate splines (Section 2.1.1) or tensor thin
plate splines (Section 2.1.2). Then, we computed its real reproducing kernel RJ or R1 using
different techniques as described in Sections 2.1.1.1, 2.1.1.2, or expression (2.40); the discussion
followed noticing that an approximate solution to the functional minimization problems are of
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the form (2.49) which is mostly determined by the reproducing kernel. Now, for the vector
valued regression problem, we start with a matrix valued reproducing kernel K, and even,
when in principle we do not know explicitly the induced ‖·‖H, we are using the solution to the
minimization problem (5.1).
A possible generalization of the reproducing kernel for thin plate splines for vector valued
functions in R3 and its respective induced norm ‖·‖HK was described in (Benbourhim and
Bouhamidi (2005)). The norm in such RKHS measures smoothness in terms of derivatives.
More kernels for vector valued functions in R2 or R3 with the descriptions of the RKHS and its
inner products are found in (Benbourhim and Bouhamidi (2008)) or (Cabrera et al. (2013)).
Theory to construct new matrix-valued kernels based on previous matrix kernels or univariate
kernels can be found in (Micchelli and Pontil (2005)).
In order to illustrate the Bayesian model described in proposition 25 with simulated data,
we decided for a practical choice of K:
K(x, z) = k(x, z) (γ1d2 + (1− γ)Id2) with 0 ≤ γ < 1, (5.28)
where 1d2 ∈Md2×d2(R) is the matrix formed with 1’s and k(x, z) = exp
(‖x−z‖2
2
)
is the scalar
Gaussian kernel. Justification for K having form (5.28) comes from (Caponnetto et al., 2008,
Theorem 12); the corresponding RKHS HK is universal. Any continuous function η : Rd1 → Rd2
can be uniformly approximated by functions in a universal RKHS HK. Therefore, if we agree
that the regression function η is continuous, η can be uniformly approximated by the solution
of (5.1). In this sense, with the choice of (5.28), we only need to assume that the regression
function η : Rd1 → Rd2 of problem (5.8) is continuous.
Remark 28
Observe that when γ = 0, K becomes diagonal and thus, the possible similarity between com-
ponents of η is not exploited. If γ = 1 is set, it is equivalent to assume that all components
of η are identical and they are explained using the same functions. Σ describes the correlation
of the response components and γ is a parameter that control output dependencies included in
the model. Each output of the function η = (η1, · · · , ηd2) is estimated independently if K is
diagonal and the matrix Σ is assumed diagonal.
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Remark 29
Once the kernel K is fixed and the solution ηλ to the minimization problem (5.1) is obtained,
the interpretation is provided by Theorem 51. Up to proving that the hypothesis of Theorem
51 are satisfied, ηλ minimizes the functional
∑n
i=1 (yi − η(xi))ᵀ Σ−1 (yi − η(xi)) (as function
of η) subject to the constrain that ‖η‖2HK < ρ(λ). Thus, ηλ is the function that best interpolate
the data in the sense of
∑n
i=1 (yi − η(xi))ᵀ Σ−1 (yi − η(xi)) and its smoothness is measured by
‖·‖2HK. The trade off between smoothness and interpolation is controlled by λ.
Given K described in (5.28), lets define M : R+ ×M++d2×d2(R)→Mnd2×nd2(R) as
M(λ,H) := KxzΓ
+Kzx +
nλ
2
Ψ−1Σ,k
= Kxz [ΨΣ,kKzz + KzzΨΣ,k]
+ Kzx +
nλ
2
(
In ⊗ Σ−1
)
,
H is hidden in Kxz, Kzz and Kzz. With the usual constrain H ∈M++d2×d2(R) positive definite
and λ = 1, or λ > 0 and H = Id2 . A practical problem is the inversion of M. M
−1 is needed for
the valuation of the scores U, V or M and for the computation of some of the full conditional
distributions. It is numerically unstable to directly invert M(λ,H), instead, Proposition 80
provides a more stable expression to compute:
M(λ,H)−1 =
2
nλ
ΨΣ,n
[
ΨΣ−1,n −Kxz
(
nλ
2
Kzz + KzxΨΣ,nKxz
)+
Kzx
]
ΨΣ,n. (5.29)
Observe that the inversion problem of M(λ,H) has been reduced from inverting a nd2 × nd2
matrix to computing the Moore-Penrose pseudo inverse of a kd2 × kd2 matrix, with k << n.
Even when there could be more than one pseudo inverse of nλ2 Kzz + KzxΨΣ,nKxz. Expression
(5.29) is well defined as shown in Proposition 80.
As example of the proposed algorithm’s performance, we simulated a training set {(xi,yi)}100i=1 ⊂
R2×R2 using model (5.8) with η = (η1, η2), η1 described by (3.17) and η2 described by (5.25),
Σ = ( 1 0.80.8 1 ). The sampling points {xi}100i=1 were simulated using N2 (0, ( 1 0.80.8 1 )).
The posterior distribution of the parameters from model in proposition 25 and the posterior
predictive distribution Π(η(χ)|Y) have not an analytically form. Realizations of the posterior
distributions can be obtained using Gibss Sampling (Gelman et al., 2014, p. 276-278) by
simulating sequentially from the full conditional posterior distributions. Draws
{
[η(χ)](i)
}N
i=1
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from the posterior predictive [η(χ)|Y] can be achieved using N draws {[A](i)}Ni=1 from the
marginal posterior [A|Y] as [η(χ)](i) =
∑k
j=1K(zj , χ)[aj ](i), [A](i) = vec
(
[a1](i) · · · [ak](i)
)
and
[aj ](i) ∈ Md2×1(R). Three independent chains with different initial over dispersed values,
generated randomly, for each parameter were drawn using the MCMC method. Each of the
chains were run for 20, 000 iterations discarding the first 15, 000 realizations as warm up and
thinning the rest of the sequences by keeping every 5 draws. Convergence Geweke test (Geweke
et al. (1991)) and Gelman test (Gelman et al., 2014, p. 285) were used to check the convergence
of the chains, for each parameter separately. We use ηˆ(χ) := E [Π(η(χ)|Y)] the point estimates
of η(χ) and η˜(χ) := sd [Π(η(χ)|Y)] the standard deviation of the posterior distribution. ηˆ(χ)
and η˜(χ) are estimated with the sample mean and the unbiased sample standard deviation
from the realizations of the posterior predictive distributions.
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Figure 5.3 Level curves for the true function η = (η1, η2) with rank in R2 (left column).
Point Bayes estimates for ηˆ1(χ) in first row, second row correspond to estimates of
ηˆ2(χ). Estimation using the Bayes model from proposition 30, kernel K described
by (5.28) and using a univariate smoothing parameter λ > 0. Plots in columns
2, 3 and 4 corresponds to estimation using different method to select the band-
width parameters. Simulated {(xi,yi)}100i=1 using model (5.8) with η = (η1, η2), η1
described by (3.17) and η2 described by (5.25), Σ =
(
1 −0.8
−0.8 1
)
. The sampling
points {xi}100i=1 were simulated using N2 (0, ( 1 0.80.8 1 )).
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Figure 5.3 shows contour levels of an example of prediction from the simulated data using
a fitted model described in Proposition 25 and implementation details just explained. The
prediction of η is done in a grid {χi}Ni=1 ⊂ R2 of resolution 0.05 × 0.05 inside and ellipse that
would contain 85% of the sampling points simulated from N2 (0, ( 1 0.80.8 1 )).
5.3 Bayesian Model for Regression with Measurement Error in the
Covariates
Finally, we can consider the vector valued regression problem with classical errors in the
covariates. Building over the results developed in this chapter, the next proposition is stated.
Proposition 30
Let H be a RKHS of functions with domain Rd1 and rank in Rd2. Let K the reproducing kernel
of H. Consider the labeled pairs {xi,yi}ni=1 ⊂ Rd1 × Rd2. We do not observe {xi}ni=1, instead,
we have available noisy repeated measures {{wij}nwj=1}ni=1 (with out lost of generality nw does
not depend on i). Let Z := {zi}ki=1 ⊂ {xi}ni=1 =: X be a set of knots with same distribution as
the sampling points X, let Y = vec(y1 y2 · · · yn) the responses, A = vec(a1 a2 · · · ak), ai ∈ Rd2,
let Kxz ∈ Mnd2×kd2(R) be a block matrix with (i, j)th block K(xi, zj), let Kzz ∈ Mkd2×xd2(R)
be another block matrix with i, jth block K(zi, zj), Kzx = Kᵀxz, ΨΣ,n =
(
In ⊗ Σ−1
)
, Γ =
ΨΣ,kKzz + KzzΨΣ,k. Let Σ ∈ M++d2×d2(R) be known or at least we have available a frequentist
unbiased estimator Σˆ with small variability. Consider the model
yi = η(xi) + i,
η(x) =
k∑
i=1
K(zi,x)ai,
wij = xi + δij ,
i
iid∼ Nd2(0,Σ),
δij
iid∼ Nd2(0,Σw),
with the priors on the parameters
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A|Σ, H, λ,X ∼ Nkd2
[
0,
2
nλ
Γ+
]
P(λ ≥ λ0|Σ = S,X = x) =
∫
Rnd2
1
{
λ0 ≥ arg min
x>0,H1=Id2
U (x,H1|S,y,x)
}
dFy|X=x(y), (5.30)
xi|µx,Σx iid∼ Nd(µx,Σx), i = 1, .., n,
µx|Σx ∼ Nd(dx,m−1x Σx),
Σx ∼ Inv −Wishart(Ax, bx),
Σw ∼ Inv −Wishart(Aw, bw),
A|X ⊥ c|X, A|X ⊥ (1 · · · n)ᵀ |X.
where Γ+ is the Moore-Penrose inverse of the matrix Γ. Unless stated otherwise independence
is assumed. Alternatively, instead of assigning the prior (5.30) to λ that depend on U , one can
assign similar priors but using the function scores V of M .
Then the joint posterior of the parameters exists and the full conditional posteriors are
• [A|Y,X,W, λ, (H = Id2)] ∼ Nkd2 [µY,ΣY], where
µY = Γ
+Kxz
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}−1
Y,
ΣY =
nλ
2
{
Γ+ − Γ+Kxz
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}−1
KxzΓ
+
}
• λ|X,Y,W,Σ = arg minx>0,H=Id2 {V (x,H|Σ,Y)} almost surely.
If the other priors on λ depending on U or M were assigned, the corresponding full
conditional posterior distributions are:
λ|X,Y,W,Σ = arg min
x>0,H=Id2
{U (x,H|Σ,Y)} almost surely,
λ|X,Y,W,Σ = arg min
x>0,H=Id2
{M (x,H|Σ,Y)} almost surely,
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• Conditionally on every parameter (except by X), xi and xj are independent. And their
full conditional distribution is proportional to the next expression,
xi|Y,W,A,Σw,Σx ∝
[
yi|, σ2,xi
] nw∏
j=1
[wij |xi,Σw] [xi|µx,Σx]
= exp
{
− 1
2σ2
‖yi − ηA(xi)‖2 − 1
2
(xi − µx)′Σ−1x (xi − µx)
}
× exp
−12
nx∑
j=1
(wij − xi)′Σ−1w (wij − xi)
 ,
• Σw|Y,X,W,Σx ∼ Inv −Wishart [Aw +AA′, nnx + bw]
where A = [x1 −w11..x1 −w1nx · · ·xn −wn1..xn −wnnx ],
• µx|Y,Σx,X ∼ Nd
[
Σ−1x (nx¯ +mxdx) ,
1
n+mx
Σx
]
, with x¯ = n−1
∑n
i=1 xi,
• Σx|Y,X = Inv −Wishart
[
Ax + nS +
nmx
n+mx
(x¯− dx)(x¯− dx)′, n+ bx
]
where S = n−1
∑n
i=1(xi − x¯)(xi − x¯)′.
Furthermore, if µY is arranged as µY = vec (aˆ1 · · · aˆk) then
ηˆ(x) =
k∑
i=1
K(zi,x)aˆi (5.31)
solves the minimization problem (5.1) in H?K, and as k → n, (5.31) solves (5.1) in HK.
Proof.
The joint posterior distribution exists because all priors are proper. The full conditional pos-
teriors are obtained by explicitly writing the posterior distribution,
[A, λ, Σx, Σw, X, µx|Y, W,Σ] = [Y|A, X, λ, Σ]× [W|X,Σw]
× [A|X, Σ, λ]× [X|µx,Σx]× [µx|Σx]× [Σx]× [Σw] ,
and noticing the factors that correspond to each distribution and completing terms. The only
difficult derivation is [A|X, Σ, λ] and it was obtained in Proposition 25.
In Section 5.1 was argued that a sufficient condition for a vector of the form µY =
vec (aˆ1 · · · aˆk) to induce a solution to (5.1) in HK is that µY satisfies equation (5.7). If such
condition is satisfied then (5.31) would be the unique solution to (5.1). In Proposition 79 we
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state and prove that µY satisfies such condition, therefore (5.31) is the unique solution to the
functional minimization problem.
Remark 31
Conditionally on X, model in Proposition 30 has the same form as the model for the mea-
surement free error case in Proposition 25 and same full conditional posterior in the common
parameters. As consequence of these remarks, interpretation of the conditional fitted regressions
are the same for both models in such propositions; the mean of the full conditional posteriors
predictive ηˆ(χ) = [η(χ)|bX,Y, λ,H,Σ] as a deterministic function of χ ∈ Rd1 is the solution
to (5.1) in span{K(zi, ·), i = 1, ..., k}. As k → n, ηˆ solves (5.1) in HK.
In the multivariate real regression problem with measurement errors in the covariates, the
variance error σ2 of the response is dramatically overestimated when using the proposed mod-
els from previous chapters. The overestimations of σ2 do not directly affect the choices of
the smoothing parameters when using the GCV method or the MRL method and adequate
estimates of η are achieved, this is because such scores do not depend on the variance. The
overestimations of σ2 in the Bayesian procedure, lowers the empirical coverages of the credible
intervals when using the UERL method to select the smoothing parameters; this is because
the score UERL U depend on σ2, although the point estimates of η are still acceptable. The
same problem arrives in the current setting of vector-valued regression. Estimating Σ, either
with a difference-based method inside the full model of Proposition 30 (as discussed in Section
4.2 and assigning priors in a similar way as prior (4.12); or either by assigning a, prior such
as inverse-Wishart in Proposition 25, results in estimators that provide large variances Σˆii and
misleading pairwise covariances Σˆij . If η and Σ are attempted to be jointly estimated using
a Bayesian model such as Proposition 30, the three proposed methods for selection of band-
widths provide λ too large as an effect of the dependence of Σ, resulting in an over-smoothed
function. This effect was observed in all our simulated examples. Thus the reason we request
in Proposition 30 for a known Σ, or a frequentist unbiased estimator with small variability. It
is an open problem to estimate η and Σ at the same time in presence of measurement error.
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As in the univariate case, if nw = 50, the problem we just described is minimized and we are
still able to adequately estimate η and Σ by assigning an inverse Wishart prior to Σ.
In regard to the prior proposed for the latent variable xi’s, we agree that there is not a
reasonable distribution in the general case. The prior may be changed according to the required
application; for example, a flat reference prior may be reasonable; normal hierarchical could be
another option, mixture of normal distributions is a flexible prior but in this case we may have
problems identifying the group of the mixture to where and observation belong Gelman et al.
(2014), and the updates in the MCMC algorithm may be slow. We used a hierarchical normal
prior.
5.3.1 Implementation and example of estimation
A training set {(xi,yi)}100i=1 ⊂ R2 × R2 was simulated using the model in proposition 30
with η = (η1, η2), η1 described by (3.17) and η2 described by (5.25), Σ =
(
1 −0.8
−0.8 1
)
. The
sampling points {xi}100i=1 were simulated using N2 (0, ( 1 0.80.8 1 )) and the errors {{δi,j}nwj=1}100i=1 =
N2 (0, ( 1 0.80.8 1 )) , nw = 7. Figure 5.3 shows contour levels of an example of prediction from a
fitted model using simulated data. The model to consider is described in Proposition 25, and
the required matrix computation is straightforward with the exception of the inversion of the
matrix M(λ,H); expression (5.29) provides an explicit computationally more stable inversion
of M(λ,H). The prediction of η is done in a grid {χi}Ni=1 ⊂ R2 of resolution 0.05× 0.05 inside
an ellipse that would contain 85% of the sampling points simulated from N2 (0, ( 1 0.80.8 1 )).
The reproducing kernel (5.28) is used as basis function for the implementation of the algo-
rithm. The size of the sets of knots {zi}ki=1 is chosen to be
k = bmax
{
30, 10n2/9
}
c
as described in Section 2.2.3. We use the averages
{
n−1w
∑nw
j=1 wij
}n
i=1
as if they were the true
latent variables only when the knots are to be computed. The algorithm to select the knots is
described in Section 2.2.3.
As fitting procedure, we use a Metropolis-Hasting within Gibbs sampler. Simulations from
the full conditional posterior of xi’s are achieved independently using a Metropolis-Hasting
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step. We use the adaptive Metropolis algorithm proposed by Roberts and Rosenthal (2009).
At the ith iteration the proposal distribution for i ≤ 2d is
Qi(x) = N(x, 0.1
21dci/d);
for i > 2d we use
Qi(x) =
 (1− θ)N(x, 2.38
2Σ˜ici/d) + θN(x, 0.1
21dci/d) Σ˜i > 0,
N(x, 0.121dci/d) Σ˜i ≯ 0,
where θ ∈ (0, 1) and the empirical covariance matrix Σ˜i is described with
Σ˜i =
1
i
 i∑
j=0
xjx
ᵀ
j − (i+ 1)x¯ix¯ᵀi

where x¯i =
1
i+1
∑i
j=0 xj , ci = exp
(
min(1−2, n−
1
2 )(1accpti>.44 − 1accpti<.44)
)
. We use θ = .5.
Three independent chains with different initial over dispersed values for each parameter
were drawn. 20, 000 iterations are computed for each chain and the first 15, 000 are discarded
as burn-in. The chains are thinned keeping every 5 iterations. For testing convergence of the
MCMC chains of the parameters we use Gelman-Rubin test (Gelman et al., 2014, p. 285) and
Geweke test, (Geweke et al. (1991)) for the chains of each parameter. The tests were applied
independently for each parameter.
For χ ∈ Rd let ηˆ(χ) := E [Π(η(χ)|Y,W)] the point estimates of η(χ). ηˆ(χ) is estimated
using the sample mean from the realizations of the posterior predictive distributions. An
example of the fitted regression function from simulated data is displayed in Figure 5.4. The
functions V , U and M depending only on λ > 0 and H = Id2 has been observed to have a
global minimum most of the time in the interval (10−4.5, 10−2.5), we set this range as bound to
search for the minimum in every iteration of the MCMC.
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Figure 5.4 Level curves for the true function η = (η1, η2) with rank in R2 (left column).
Point Bayes estimates for ηˆ1(χ) in first row, second row correspond to estimates of
ηˆ2(χ). Estimation using the Bayes model from Proposition 30, kernel K described
by (5.28). We used λ > 0 smoothing parameter. Plots in columns 2, 3 and 4
corresponds to estimation using different method to select the bandwidth param-
eters. Simulated {(xi,yi)}100i=1 was obtained using model (5.8) with η = (η1, η2),
η1 described by (3.17) and η2 described by (5.25), Σ =
(
1 −0.8
−0.8 1
)
. The sampling
points {xi}100i=1 were simulated using N2 (0, ( 1 0.80.8 1 )) and the errors {{δi,j}7j=1}100i=1
where simulated from δi,j
iid∼ N2 (0, ( 1 0.80.8 1 )).
5.4 Conclusions
Bayesian regression models were proposed for a vector valued multivariate regression prob-
lem using labeled data. The models incorporate theoretical frequentist results from learning a
multi-output function using kernel methods in a framework of vector-valued reproducing kernel
Hilbert spaces. The innovation of the proposed models is that the Bayesian machinery allows
for credible regions of estimation, and point Bayes estimates of the regression function conserve
similar properties as the frequentist multi-output kernel regressions. Furthermore, we proposed
three methods to select the real bandwidth parameter. Such methods are conjectured to be
extensions of the Unbiased Estimate Relative Loss method, Generalized Cross Validation score
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and the RML method using Bayes model described in previous chapters. Theoretical extensions
of the real smoothing parameter methods are proposed for the case of bandwidth matrices.
Furthermore, we propose a Bayesian model to estimate vector valued multivariate regression
functions using labeled data with classical measurement errors in the covariates. By observa-
tions of the fitted models over simulated data, the models seems to recover the regression
function adequately but only when Σ is known or at least a low variability unbiased frequentist
estimator is available. Simulated data were generated and the proposed models under these
considerations were fitted. Examples are shown and at least for these cases, the regression
function seems to be recovered.
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APPENDIX A. DEFINITIONS
Definition 32 (Moore-Penrose Inverse of a Matrix)
Let K be a field (R or C) and M ∈ Mn×m(K). The Moore-Penrose Inverse M+ ∈ Mm×n(K)
is the unique matrix, Penrose (1955), satisfying all of the next criteria:
AA+A = A,
A+AA+ = A+,(
AA+
)∗
= AA+,(
A+A
)∗
= A+A,
where A∗ denotes the Hermitian transpose (A∗ = Bᵀ if K = R). If A ∈ Mn×n(K) is invertible
then A+ = A−1.
Definition 33 (Square Root of a Square Matrix)
Let M ∈Mn×n(R) with singular value decomposition (Banerjee and Roy (2014))
M = Udiag(λ1 · · ·λn)V ᵀ
where U, V ∈Mn×n(R) are orthogonal matrices and λi ≥ 0. The square root matrix of M is
M
1
2 := Udiag(
√
λ1 · · ·
√
λn)V
ᵀ.
Definition 34 (Complete Linear Space)
A linear space H is complete if every Cauchy sequence converges to an element in H.
Definition 35 (Hilbert Space)
A Hilbert space H is a complete inner product linear space.
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Definition 36 (Banach Space)
A Banach space B is vector space over R (or over C). Such space has a norm and is complete
with respect to that norm.
Definition 37 (Self-adjoint Bounded Linear Operator)
Let Y be a real Hilbert space with inner product 〈·, ·〉Y, let L(Y) be the Banach space of bounded
linear operators on Y, let A ∈ L(Y) a linear operator. By the Riez Representation Theorem
(Rudin, 1991, § 12.9) there exists A? ∈ L(Y) such that for any x, z ∈ Y, we have 〈Ax, z〉Y =
〈x, A?z〉Y. The adjoint of A is A?. A is a self-adjoint linear operator if A = A?.
Definition 38 (Separable Hilbert Space)
A Hilbert space H is separable if there exist a dense countable subset. That is to say that H is
separable iff there exists {xi}∞i=1 ⊂ H such that every non empty subset of H contains at least
one element of {xi}∞i=1.
Definition 39 (Orthogonality)
Let H be a Hilbert space with inner product (·, ·).
• η, ζ ∈ H are orthogonal iff (η, ζ) = 0 and is denoted as η⊥ζ.
• Two subsets G1,G2 ⊂ H are orthogonal (in symbols G1⊥G2) iff (η1, η2) = 0, ∀η1 ∈
G1 and ∀η2 ∈ G2.
• For G ⊂ H, the set G⊥ := {η ∈ H : {η}⊥G} is the orthogonal complement of G.
Definition 40 (Projection onto Closed Subspace)
Let H a Hilbert space and G ⊂ H a closed subspace. Let f ∈ H, by Theorem 47 it can be
uniquely decomposed as f = g + h with g ∈ G and h ∈ G⊥. The projection of f onto G is g.
Definition 41 (Tensor Sum Decomposition)
Let H a Hilbert space and G ⊂ H a closed subspace. The unique decomposition of any f ∈ H
as f = g + h with g the projection of f onto G and h = f − g ∈ G⊥ defines the tensor sum
decomposition of H denoted as H = G⊕G⊥. Multiple term tensor decomposition is defined
recursively
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Definition 42 (Gaˆteaux derivative)
Let A be a functional in a linear space L. For f, g ∈ L, let Af,g(α) := A(f + αg) a function of
α ∈ R. If A˙f,g(0) exists and is linear in g and ∀f ∈ L, then A is Gaˆteaux differentiable in L,
and A˙f,g(0) is the Gaˆteaux derivative of A at f in the direction of g.
Definition 43 (Inverse Gamma Distribution)
A random variable has inverse gamma distribution with parameter α > 0 and β > 0, notation
Inv −Gamma(α, β) iff its probability density function is
f(x;α, β) =
1
Γ(α)βα
x−(α+1) exp
(
− 1
βx
)
1{x>0},
where Γ denotes the gamma function.
Definition 44 (k-th nearest neighbor, (De Brabanter et al. (2014)) )
Let a pair set {xi, yi}ni=1 ⊂ Rd×R be available and a metric ρ in Rd. The k-th nearest neighbor
of yi among {xj}nj=1,j 6=k, denoted as y{n,i,k} ∈ {yi}ni=1 or by simplicity yi,(k) where
{n, i, k} = arg min
1≤j≤n, j 6=i, j 6∈{{n,i,1},···{n,i,k−1}}
ρ(xi,xj)
Definition 45 Let {xn}∞i=1 a set of random variables defined in the same probability space.
Let {xn}∞i=1 ⊂ R. the notation
xn = op(an)
describes that xn/an converge to zero in probability.
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APPENDIX B. MISCELLANEOUS PROPOSITIONS AND THEOREMS
This appendix is dedicated to declare and prove the auxiliary results used in the main body
of the dissertation. The appendix contains theorems, propositions, lemmas and corollaries.
Some of the results were found in the literature with or without their respective proof, while
most of the propositions are our own work. The rule to differentiate between new result and
result found in the literature is by the presence of a formal proof; if the results has a complete
proof the auxiliary result is ours, if only the idea of the proof or the reference was made, then
the result was found in the literature.
B.1 Real Valued Functions in Hilbert Spaces
Proposition 46
In the context of Proposition 8, ξ(x) ∈ Im(Q).
Proof.
Let A = {c : cᵀQc = 0}. Let x ∈ Rl and c ∈ A.
Observe that 0 = cᵀQc = J (ξ(x)ᵀc) implies ξ(x)ᵀc = 0 because J is a norm in span {RJ (zi, ·)}ki=1 =
H? 	NJ .
Then c⊥ξ(x) ∀x ∈ Rl and ∀c ∈ A. Therefore ξ(x) ∈ A⊥.
On another side, from definitions we observe that ker(Q) ⊂ A, then Im(Q) = ker(Q)⊥ ⊇
A⊥; thus concluding that ξ(x) ∈ Im(Q)
Theorem 47 (Projection Theorem)
Let H be a Hilbert space and G ⊂ H a closed subspace. Then we have G⊥⊥ = G. Each f ∈ H
can be uniquely decomposed in the form f = g + h with g ∈ G and h ∈ G⊥.
Proof. Theorem 3.2 (Weidmann, 1980, pag. 31).
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Proposition 48
Let X be a non-empty set and H = {f : X→ R} be a Hilbert space with a semi-inner product
and induced square semi-norm J . Let NJ = {f |J (f) = 0} the null space of J which is of finite
dimension. For given pairs {(xi, yi)}ni=1 ⊂ X× R define the functional
L(f) =
n∑
i=1
(yi − f(xi))2 . (B.1)
Then,
i L is continuous, convex and Gaˆteaux differentiable.
ii If {φi}li=1 is a basis of NJ and S matrix of size n× l such Si,j = φj(xi) and full column
rank, then L is strictly convex in NJ .
iii If S is full column rank and λ > 0, then L+ λJ is strictly convex in H .
Proof. Note for me: I have to show in part ii) that the choosing of the basis is not important.
Proposition 49 If A is a strictly convex functional in a Hilbert space H with a local minimum,
then A has a global minimum.
Proof.
Let η be a minimum of A and pick f ∈ A where η 6= f .
By definition of local minimum there must be an open set U ⊂ H around η such that A(η) ≤
A(g), ∀g ∈ U . We can take g = η + t(f − η) = tf + (1 − t)η since for small enough t > 0 we
have g ∈ U (we use the completeness of H as well). Then
A(η) ≤ A(g)
= A (tf + (1− t)η)
< tA(f) + (1− t)A(η)
for small t > 0, where the last inequality is because A is strictly convex.
Then tA(η) < tA(f) and A(η) < A(f) follows.
Since f ∈ H was arbitrary we have shown that η is a global minimum of A, which is unique.
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Theorem 50 (Existence of Minimizer) (Gu and Qiu (1993))
Suppose L is a continuous and convex functional in a Hilbert space H and J is a square (semi)
norm in H with a finite dimensional null space NJ . If L has a unique minimizer in NJ , then
L + λJ has a minimizer in H.
Theorem 51 (Optimization Interpretation) (Gu, 2013, Theorem 2.12, pag 53)
Let H be a Hilbert space with a (semi) inner product 〈·, ·〉H and J (f) := 〈f, f〉H denote the
induced square (semi) norm in H. Let NJ = {f ∈ H, J (f) = 0} be the null space of J . Suppose
L : H → R is a continuous, convex functional and Gaˆteaux differentiable. Let ρ > 0 and
define the functional Λ : H → R as Λ(f) := −ρ−1L˙f,f1(0) with f1 being the projection of f into
HJ = H	NJ . Then
(1) If f∗ = argmin
f∈Cρ
L(f), where Cρ = {f ∈ H , J (f) ≤ ρ}, then
f∗ = argmin
f∈H
L(f) +
Λ(f∗)
2
J (f).
(2) For λ > 0, f0 = argmin
f∈H
L(f) + λ2 J (f) and Eλ =
{
f ∈ H , J (f) ≤ J (f0)}, then
f0 = argmin
f∈Eλ
L(f).
Theorem 52 (Representer Theorem) Scho¨lkopf et al. (2001)
Let X be a non-empty set, {xi, yi}ni=1 ⊂ X × R be a training set, R : X × X → R be a kernel
with respective RKHS H and norm ‖ · ‖, g : [0,∞) → R be a non-decreasing function, C :
(X × R2)n → R ∪ ∞ be a cost function, and define set of real valued functions {φi}li=1 on X
with the property that the n × l matrix (φi(xj))i,j is full rank. Then any f ∈ span {φi}
⊕H
solving
arg min
f∈span{φi}
⊕HC ((x1, y1, f(x1)) , · · · , (xn, yn, f(xn))) + g (‖f‖)
admits a representation of the form
f(·) =
l∑
i=1
diφi(·) +
n∑
i=1
ciR(xi, ·)
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with unique coefficients {ci}ni=1 ⊂ R, but not necessarily unique {di}li=1 ⊂ R.
Proposition 53
Let X be a non-empty set, H = H0
⊕H1 ⊂ {f : X→ R} be a complete semi-inner product linear
space with semi-inner product J , H1 a closed linear subspace of H and H0 = {f ∈ H : J (f) = 0}
be the null space of J of finite dimension l, and basis {φi}li=1. Note: observe that by definition,
H1 is RKHS with inner product J . Let RJ be the reproducing Kernel of H1, {(xi, yi)}ni=1 ⊂ X×R
be a training set, {zi}ki=1 ⊂ X, and let η ∈ H have the form
η (x) =
l∑
i=1
diφi (x) +
k∑
i=1
ciRJ (zi,x)
then
n∑
i=1
(yi − η(xi))2 + nλJ (η) = (y − Sd−Rc)ᵀ(y − Sd−Rc) + nλcᵀQc (B.2)
where S ∈ Mn×l(R) with Si,j = φj(xi), R ∈ Mn×k(R) with Ri,j = RJ (xi, zj), Q ∈ Mk×k(R)
with Qi,j = RJ (zi, zj), y = (y1 · · · yn)ᵀ ∈Mn×1(R), d = (d1 · · · dl)ᵀ and c = (c1 · · · ck)ᵀ.
Proof.
With straightforward algebra one has that
n∑
i=1
(yi − η(xi))2 = (y − Sd−Rc)ᵀ(y − Sd−Rc),
while
J (η) = J (η, η)
= J
(
l∑
i=1
diφi +
k∑
i=1
ciRJ (zi, ·) ,
l∑
i=1
diφi +
k∑
i=1
ciRJ (zi, ·)
)
=
l∑
i,j=1
didjJ (φi, φj) + 2
k∑
i=1
l∑
j=1
cidjJ (φj , RJ (zi, ·)) +
k∑
i,j=1
didjJ (RJ (zi, ·), RJ (zj , ·))
=
k∑
i,j=1
diJ (RJ (zi, ·), RJ (zj , ·)) dj (B.3)
=
k∑
i,j=1
diRJ (zi, zj)dj (B.4)
= cᵀQc.
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where expression (B.3) was obtained using J (φi, f) ≤
√
J (φi)
√
J (f) = 0 by the Cauchy-
Schwartz inequality and J (φi) = 0. Equation (B.4) is obtained using the reproducing property.
We have obtained (B.2).
Proposition 54
In the context of Theorem 5 or Proposition 6, the matrix A(λ) such
yˆ = A(λ)y
has the representation
A(λ) = In − nλ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1) ,
where M = RQ+Rᵀ + nλIn
Proof. Using (3.4) or (3.5)
yˆ =Sdˆ +Rcˆ
=
[
S
(
SᵀM−1S
)−1
SᵀM−1 +RQ+Rᵀ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1)]y
=
[
S
(
SᵀM−1S
)−1
Sᵀ +RQ+Rᵀ −RQ+RᵀS (SᵀM−1S)−1 Sᵀ]M−1y
=
[{
I −RQ+RᵀM−1}S (SᵀM−1S)−1 Sᵀ +RQ+Rᵀ]M−1y
=
[{
M −RQ+Rᵀ}M−1S (SᵀM−1S)−1 Sᵀ +RQ+Rᵀ]M−1y
=
[
{nλIn}M−1S
(
SᵀM−1S
)−1
Sᵀ +RQ+Rᵀ
]
M−1y
=
[(
RQ+Rᵀ + nλIn
)
M−1 − nλM−1 + nλM−1S (SᵀM−1S)−1 SᵀM−1]y
=
[
In − nλ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1)]y.
Corollary 55 In the context of chapter 2, the smoothing matrix (2.21) can be written as
A(λ) = I − nλM−1
(
I − S (SᵀM−1S)−1 SᵀM−1)
where M = Q+ nλI.
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Proof.
The context of the smoothing matrix (2.21) is the same as the Proposition 54 in the case that
the knots and the training set are equal: {zi}ki=1 = {xi}ki=1. Then R = Q, M = Q+ nλIn and
the corollary follows by direct application of Proposition 54.
Theorem 56 (Existence and Uniqueness of Reproducing Kernel)
For every RKHS H of functions on X, there corresponds a unique reproducing kernel R(x, y),
which is non-negative definite. Conversely, for every non-negative definite R(x, y) on X, there
corresponds a unique RKHS H that has R as its reproducing kernel.
Proof.
The forward implication of the Theorem follows easily: if there were two reproducing kernels
R1 and R2 in H then ∀x, y ∈ X
R1(x, y) = (R1(x, ·), R2(x, ·)) = R2(x, y)
where the first equality is by the reproducing property of R2 and the second equality is by the
reproducing property of R1.
We provide the idea of proof for the backward implication. The converse implication of the
Theorem is proven by construction: take the space H? = {f : f = ∑i=1 αiR(xi, ·)} defining
the inner product in terms of R. Complete the space H? by adding the limits of all the Cauchy
sequences and define the norm of any limit of Cauchy sequences as the limit of the sequences of
the norms; this definition of norm must be proven to be independent of the sequence converging
to the same limit. Finally it has to be proven that the new reproducing kernel is the same as
the original when restricted to H? Aronszajn (1950) , Gu (2013).
Theorem 57 (Gu, 2013, Theorem 2.5, pag. 32)
If the reproducing kernel R of a space H on a domain X can be decomposed into R = R0 +
R1, where R0 and R1 are both non-negative definite, ∀x ∈ X R0(x, ·), R1(x, ·) ∈ H and
(R0(x, ·), R1(y, ·)) = 0∀x, y ∈ X then the RKHS’s H0 and H1 corresponding to R0 and R1
form a tensor sum decomposition of H. Conversely, if R0 and R1 are both non-negative defi-
nite and H0 ∪H∞ = {0}, then H = H0
⊕H1 has a reproducing kernel R = R1 +R2.
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Theorem 58 (Completness of Finite Normed Space)
Every finite dimensional normed space is complete.
Proof.
Let H be a normed vector space over R (or C), with norm ‖ · ‖ and {ψi}Ni=1 a basis for H. For
η =
∑N
i=1 aiψi ∈ H we can define another norm:
‖η‖? =
√√√√ N∑
i=1
|ai|2.
It would be needed to prove that ‖ · ‖? is a norm but we let the reader to prove it since it is
straight forward. Since all norms are equivalent in a finite dimensional vector space, there exist
a constant c > 0 such for all η ∈ H
1
c
‖η‖? ≤ ‖η‖ ≤ c‖η‖?
Let {ηi}Ni=1 be a Cauchy sequence in (H, ‖·‖), and write ηi =
∑N
j=1 a
(i)
j ψj . Therefore, ∀, ∃M ∈
N such that ∀n,m > M
 > ‖ηn − ηm‖ ≥ 1
c
‖ηn − ηm‖? = 1
c
√√√√ N∑
i=1
∣∣∣a(n)i − a(m)i ∣∣∣2 ≥ 1c ∣∣∣a(n)i − a(m)i ∣∣∣
which show that {aj1}∞j=1, · · · , {ajN}∞j=1 are Cauchy sequences in R (or C). Since R (or C) is a
complete space there exists {ai}Ni=1 ⊂ R (C) such limj→∞ a(j)i = ai, i ∈ {1, · · · , N}.
Let η =
∑N
i=1 aiψi ∈ H and  > 0, then
|η − ηi| ≤ c|η − ηi|? = c
√√√√ N∑
j=1
∣∣∣aj − a(i)j ∣∣∣2, (B.5)
since limj→∞ a
(j)
i = ai, i ∈ {1, · · · , N} we can take M ∈ N large enough such that if i > M ,√∑N
j=1
∣∣∣aj − a(i)j ∣∣∣2 < c; by (B.5) we conclude |η − ηi| ≤ , or limi→∞ ηi = η in (H, ‖·‖). Then
(H, ‖·‖) is a complete space.
Proposition 59
Let H be the space of polynomials with d indeterminates and degree smaller than m. Let {ψi}li=1
be a basis of H, let N ∈ N, {ui}Ni=1 ⊂ Rd , {pi}Ni=1 ⊂ R , pi > 0 and
∑N
i=1 pi = 1 define
(η, ζ)0 =
N∑
i=1
piη(ui)ζ(ui) (B.6)
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where {ui}Ni=1 and {pi}Ni=1 are specified such that the matrix with (i, j)th entry (ψi, ψj)0 is
non-singular. Then
i) }H, (·, ·)0} is a complete inner product space.
ii) Let {φi}li=1 ⊂ H a orthonormal basis. Then
R0(x, y) =
l∑
i=1
φi(x)φi(y) (B.7)
is a reproducing kernel in H.
iii) }H, (·, ·)0} is a RKHS with R0 as its reproducing kernel.
Proof.
i) We’ll prove (H, (·, ·)0) is a complete inner product space.
• The properties that make H a vector space over R with the operation sum of poly-
nomials and multiplication by scalars are direct to prove.
• The properties of symmetry and linearity with the operations of sum and multipli-
cation by scalars are straight forward to prove from the definition of (·, ·)0.
• We show now (·, ·)0 is positive definite. Let η =
∑l
i=1 aiψi. Then,
(η, η)0 =
(
l∑
i=1
aiψi,
l∑
i=1
aiψi
)
0
=
l∑
i=1
l∑
j=1
aiaj (ψi, ψj)0
=
l∑
i=1
l∑
j=1
aiaj
N∑
k=1
pkψi (uk)ψj (uk)
=

a1
...
al

ᵀ
∑N
k=1 pkψ1 (uk)ψ1 (uk) · · ·
∑N
k=1 pkψ1 (uk)ψl (uk)
...
. . .
...∑N
k=1 pkψl (uk)ψ1 (uk) · · ·
∑N
k=1 pkψl (uk)ψl (uk)


a1
...
al

(B.8)
= αᵀΨᵀΨα
165
= (Ψα)ᵀ (Ψα)
= ‖Ψα‖2euclidean
≥ 0,
where
Ψ =

√
p1ψ1 (u1)
√
p1ψ2 (u1) · · · √p1ψl (u1)
√
p2ψ1 (u2)
√
p2ψ2 (u2) · · · √p2ψl (u2)
...
...
. . .
...
√
pNψ1 (uN )
√
pNψ2 (uN ) · · · √pNψl (uN )

and α =

a1
...
al

hence (·, ·)0 is non-negative definite.
By hypothesis, {ui}Ni=1 and {pi}Ni=1 were specified with the condition that the ma-
trix in (B.8): ΨᵀΨ is non-singular, therefore (η, η)0 = 0 if and only if α = 0 or
equivalently if η = 0. We have proven that (H, (·, ·)0) is a inner space.
• It is proven that {H, (·, ·)0} is a complete inner product space using that it is of
finite dimension and Theorem 58 concludes the proof.
ii) We will now show that R0 is a reproducing kernel in H.
• The symmetry of R0 is trivial.
• We prove now R0 is non negative definite. Let {xi}ni=1 ⊂ X and {ai}ni=1 ⊂ X for
n ∈ N. Then,
n∑
i,j=1
aiajR0 (xi, xj) =

a1
...
an

ᵀ
R0(x1, x1) · · · R0(x1, xn)
...
. . .
...
R0(xn, x1) · · · R0(xn, xn)


a1
...
an

= αᵀΦᵀΦα
= (Φα)ᵀ (Φα)
= ‖Φα‖2euclidean
≥ 0.
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where
Φ =

φ1(x1) φ1(x2) · · · φ1(xn)
φ2(x1) φ2(x2) · · · φ2(xn)
...
...
. . .
...
φl(x1) φl(x2) · · · φl(xn)

and α =

a1
...
al
 .
Hence R0 is non-negative definite.
• The reproducing property follows as
(R0(x, ·), f)0 =
(
l∑
i=1
φi(x)φi,
l∑
i=1
aiφi
)
0
=
l∑
i=1
φi(x)
l∑
j=1
aj (φi, φj)0
=
l∑
i=1
φi(x)ai
= f(x),
where it was used that any f ∈ NJ can be written as f =
∑l
i=1 aiφi for some ais
and that {φi}li=1 is orthonormal with respect to the inner product (·, ·)0.
Hence R0 is a reproducing kernel in H.
iii) In order to prove that H, it is a RKHS is only needed to show that for any x ∈ X, the
evaluation functional [x]η := η(x) is continuous in {H, (·, ·)0}.
Let η ∈ H, x ∈ X and {ηi}∞i=1 ⊂ H a sequence of functions converging to η. Then we
have:
|η(x)− ηi(x)| = |(R0(x), η − ηi)| ≤ ‖R0(x, ·)‖‖η − ηi‖0 =
√
R0(x, x)‖η − ηi‖0 (B.9)
where the first and last equality are by the reproducing property of R0 and the inequality
is by the Cauchy-Schwartz inequality. Therefore the convergence of ηi into η implies the
convergence of ηi(x) into η(x) and thus the projection functional [x] is continuous. We
have proven that H is a RKHS and by Theorem 56 its reproducing kernel is R0.
R0 is symmetric, non-negative definite (because R0(xi, yj) is the Gram matrix of linear
independent vectors Bhatia (2009)) and has the reproducing property.
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Proposition 60 (Projection onto NJdm)
In the context of Section 2.1.1, the projection of f ∈ H onto NJ is defined by the operator P
through
(Pf) (x) =
l∑
ν=1
(f, φν)0 φν(x).
Proof. Direct proof applying the expression. Tedious procedure.
Proposition 61 (Reproducing Kernel of H	NJ ) (Wahba and Wendelberger (1980))
In the context of section 2.1.1.1 the bi-linear form
R1(x,y) =
(
I − P(x)
) (
I − P(y)
)
E (‖x− y‖)
is the reproducing kernel of H	NJ .
Proposition 62 (Orthonormal Basis in NJdm) (Gu, 2013, Exercise 4.14, pag 169)
Let {ψi}li=1 be a set of polynomials consisting of d variables that span NJdm, {xi}Ni=1 ⊂ X and
S˜ ∈ MN×l(R) such S˜i,j = ψj(xi). Let S˜ = F1U denote the QR-decomposition of S˜, then the
polynomials {φi}li=1 defined as φi =
√
n
∑l
j=1 (U
−ᵀ)i,j ψj form an a orthonormal basis in NJdm
with respect to the inner product (f, g)0 =
1
n
∑n
i=1 f(xi)g(xi), and
√
n(F1)i,j = φj(xi).
Proof.
The orthonormal property of the basis {φi}li=1 is directly observed by expanding (φi, φj)0 from
one side, and on the other side using that F1 has orthonormal columns -because S˜ is full column
rank- as measured by the usual euclidean inner product in Rd and that U is upper triangular.
Finally checking that both expansions lead to the same expression.
Theorem 63 (Construction Reproducing Kernel of Tensor Product of RKHS)
For R(1)(x(1), y(1)) non-negative definite on X(1) and R(2)(x(2), y(2)) non-negative definite on
X(2) then R(x, y) = R(1)(x(1), y(1))R(2)(x(2), y(2)) is non-negative on X = X(1) × X(2).
Proof. (Aronszajn, 1950, pag. 358).
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Proposition 64 (Gradient of Minimization Objective)
Let S ∈ Mn×l(R), R ∈ Mn×k(R), Q ∈ Mk×k(R), y ∈ Mn×1(R),
(
d
c
) ∈ M(l+k)×1(R). Define
the function
L [( dc )] = (y − Sd−Rc)ᵀ (y − Sd−Rc) + nλcᵀQc
The gradient of L is
∇L [( dc )] = 2

 SᵀS SᵀR
RᵀS RᵀR+ nλQᵀ

 d
c
−
 Sᵀy
Rᵀy


ᵀ
(B.10)
and ∇L [( dc )] = 0 if and only if
Sᵀ {Sd +Rc− y} = 0
Rᵀ
{
Sd +
(
R+ nλ (Rᵀ)−1RightQ
)
c− y
}
= 0
(B.11)
where for a matrix A ∈Mα,β(R), α < β of full rank, (A)−1Right = Aᵀ (AAᵀ)−1 is the right inverse
of A.
Proof.
First we re-write L as:
L [( dc )] = yᵀy −
 d
c

ᵀ(
S R
)ᵀ
y − yᵀ
(
S R
) d
c

+
 d
c

ᵀ(
S R
)ᵀ(
S R
) d
c
+ nλ
 d
c

ᵀ 0 0
0 Q

 d
c

We proceed directly taking the derivatives from previous expression:
∇L [( dc )] = −2yᵀ( S R )+ 2
 d
c

ᵀ SᵀS SᵀR
RᵀS RᵀR
+ 2nλ
 d
c

ᵀ 0 0
0 Q

(∇L [( dc )])ᵀ = 2

 SᵀS SᵀR
RᵀS RᵀR+ nλQᵀ

 d
c
−
 Sᵀy
Rᵀy


we have obtained (B.10). Expressions (B.11) can be obtained equating the gradient to 0 and
simple algebra leads to the result.
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Lemma 65 For n, S ∈ N, the total number of solution for {ai}ni=1 ⊂ N to the equation∑n
i=1 ai = S is
(
S−1
n−1
)
.
Proof.
Consider S balls in a line. We would like to partition these S balls in n parts by drawing sticks
between these balls. The number of balls in the i′th partition represents ai and we will have∑n
i=1 ai = S with {ai}ni=1 ⊂ N.
But there are S − 1 gaps between these S balls so the total number of ways of drawing n− 1
sticks between the balls is
(
S−1
n−1
)
.
Therefore the total number of solution for {ai}ni=1 ⊂ N to the equation
∑n
i=1 ai = S is
(
S−1
n−1
)
.
Lemma 66 For n, S ∈ N the total number of solutions for {bi}ni=1 ⊂ N ∪ {0} to the equation∑n
i=1 bi = S is
(
S+n−1
n−1
)
.
Proof.
Let us write bi = ai−1 then we have the equivalent problem of finding the number of solutions
for {ai}ni=1 ⊂ N to the equation
∑n
i=1 (ai − 1) = S or
∑n
i=1 ai = S + n.
By Lemma 65 the number of solutions is
(
S+n−1
n−1
)
.
Lemma 67 The null space of J dm has dimension
(
d+m−1
d
)
.
Proof.
Observe that J dm(f) = 0 if and only if
∂mf
∂Xα11 · · · ∂Xαdd
(x) = 0 for α1 + · · · + αd = m, and
αi ∈ N ∪ {0}.
Using the Taylor expansion Corwin (1982), Stewart (2011), Ko¨nigsberger (2013) can be
seen that the null space of J dm consist of polynomials of up to m−1 total order since all but the
first k− 1 terms on the Taylor expansion must be 0 leaving only polynomials of degree smaller
than m.
A basis for the null space is then {1α0xα11 xαdd }α0+α1+···+αd=m−1, therefore the size of the
basis is the number of solutions for {αi}di=0 ⊂ N ∪ {0} to the equation
∑d
i=0 αi = m− 1.
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Taking αi = bi−1 we have the equation
∑d+1
i=1 bi = m − 1. By Lemma 66 there are((m−1)+(d+1)−1
(d+1)−1
)
=
(
m+d−1
d
)
solutions. Therefore the size of the basis {1α0xα11 xαdd }α0+α1+···+αd=m−1
is
((m−1)+(d+1)−1
(d+1)−1
)
=
(
m+d−1
d
)
as well as the dimension of the null space of J dm.
Lemma 68 (Duchon (1977))
The quadratic functional J dm defined in (2.24) is a square semi norm.
Lemma 69 (Duchon (1977))
The quadratic functional J dm defined in (2.24) is invariant under coordinate rotations.
Lemma 70 Let {φ}Mi=1 be a collection of functions with domain X 6= ∅ and range in R. Define
η(x) :=
∑M
i=1 diφi(x). If {di}Mi=1 iid∼ N(0, τ2) then η is a Gaussian Process with mean 0 and
E(η(x)η(y)) = τ2
∑M
i=1 φi(x)φi(y).
Proof.
First we prove that η is indeed a Gaussian process by showing that
∑n
i=1 aiη(xi), {ai}ni=1 ⊂ R
has normal distribution:
n∑
i=1
aiη(xi) =
n∑
i=1
ai
M∑
j=1
djφj(xi)
=
M∑
j=1
dj
(
n∑
i=1
aiφj(xi)
)
∼ N
0, τ2 M∑
j=1
(
n∑
i=1
aiφj(xi)
)2 .
Therefore η is a Gaussian process.
We have as well that E (η(x)) =
∑M
i=1 E(di)φi(x) = 0 and
E(η(x)η(y)) = E
 M∑
i=1
d2iφi(x)φi(y) +
M∑
i 6=j
didjφi(x)φj(y)

= E
(
M∑
i=1
d2iφi(x)φi(y)
)
+ E
 M∑
i 6=j
didjφi(x)φj(y)

=
M∑
i=1
E
(
d2i
)
φi(x)φi(y)
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=
M∑
i=1
τ2φi(x)φi(y).
Lemma 71 Let {ψ}ni=1 be a collection of functions with domain X 6= ∅ and range in R. Let
η(x) :=
∑n
i=1 ciψi(x). If (c1 . . . cn)
ᵀ ∼ Nn(0,Σ) then η is a Gaussian Process with mean 0 and
E (η(x)η(y)) = (ψ1(x) . . . ψn(x)) Σ (ψ1(y) . . . ψn(y))ᵀ .
Proof.
Let (φ1(x) . . . φn(x))
ᵀ = Σ
1
2 (ψ1(x) . . . ψn(x))
ᵀ where Σ
1
2 Σ
1
2 = Σ. We have that
η(x) =
n∑
i=1
ciψi(x)
= (c1 . . . cn) (ψ1(x) . . . ψn(x))
ᵀ
= (c1 . . . cn) Σ
− 1
2 (φ1(x) . . . φn(x))
ᵀ
=
(
Σ−
1
2 (c1 . . . cn)
ᵀ
)ᵀ
(φ1(x) . . . φn(x))
ᵀ
= (d1 . . . dn) (φ1(x) . . . φn(x))
ᵀ
=
n∑
i=1
diφi(x),
where (d1 . . . dn)
ᵀ = Σ−
1
2 (c1 . . . cn)
ᵀ and thus (d1 . . . dn)
ᵀ ∼ Nn (0, In). Then by Lemma 70, η
is a Gaussian process, with mean 0 and
E(η(x)η(y)) =
n∑
i=1
φi(x)φi(y)
= (φ1(x) . . . φn(x)) (φ1(y) . . . φn(y))
ᵀ
= (ψ1(x) . . . ψn(x)) Σ
1
2 Σ
1
2 (ψ1(y) . . . ψn(y))
ᵀ
= (ψ1(x) . . . ψn(x)) Σ (ψ1(y) . . . ψn(y))
ᵀ .
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Proposition 72 [Full Conditional Posterior of Coefficients
(
d
c
)
. Version 1.]
For the observed pairs {(xi, yi)}ni=1 consider the model with σ2 > 0 known given by
yi =
k∑
j=1
djφj (xi) +
l∑
j=1
djψj (xi) + i,
i
iid∼ N1(0, σ2),
where {φ}ki=1 and {ψ}li=1 are known functions. For b > 0, τ > 0 and Q a l× l positive definite
matrix, consider the priors
di
iid∼ N1(0, τ2)
(c1 c2 · · · cl)ᵀ ∼ Nl (0, bQ)
(d1 d2 · · · dk)ᵀ ⊥ (c1 c2 · · · cl)ᵀ
(d1 · · · dk c1 · · · cl)ᵀ ⊥ (1 · · · n)ᵀ .
The posterior of
(
d
c
)
is Nk+l
(
µdcρ , bΣdcρ
)
where
µdcρ =
 ρSᵀ (ρSSᵀ +M)−1
QRᵀ (ρSSᵀ +M)−1
y (B.12)
Σdcρ =

(
ρIk − ρSᵀ (ρSSᵀ +M)−1 ρS
) (
−ρSᵀ (ρSSᵀ +M)−1RQ
)
(
−QRᵀ (ρSSᵀ +M)−1 ρS
) (
Q−QRᵀ (ρSSᵀ +M)−1RQ
)
 . (B.13)
and S is a n× l matrix with entry Si,j = φj(xi), R is a n× l matrix with entries Ri,j = ψj(xi),
M = RQRᵀ + nλIn, nλ =
σ2
b and ρ =
τ2
b .
Proof.
Observe that
E (d) = 0k,
E (c) = 0l,
E (y) = E (Sd +Rc + ) = S E (d) +RE (c) + E () = 0n,
V ar (y) = V ar (Sd +Rc + ) = SV ar (d)Sᵀ +RV ar (c)Rᵀ + V ar ()
= τ2SSᵀ + bRQRᵀ + σ2In,
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V ar

d
c

 =
τ2Ik 0k×l
0l×k bQ
 ,
Cov(yi, dj) = Cov
(
k∑
ν=1
dνφν (xi) +
l∑
ν=1
dνψν (xi) + i, dj
)
= φj (xi)Cov (dj , dj) = τ
2φj (xi) = τ
2Si,j ,
Cov(yi, cj) = Cov
(
k∑
ν=1
dνφν (xi) +
l∑
ν=1
cνψν (xi) + i, cj
)
=
l∑
ν=1
ψν (xi)Cov(cν , cj) = b
l∑
ν=1
Ri,νQν,j = b(RQ)i,j ,
pi


y
d
c

 = pi
y |
d
c

pi

d
c

 ,
then pi


y
d
c

 = Nn+l+k (0,Σydc) where
Σydc =

(
τ2SSᵀ + bRQRᵀ + σ2In
)(
τ2S bRQ
)
 τ2Sᵀ
bQRᵀ

 τ2Ik 0
0 bQ

 .
By a known result in multivariate statistics for multivariate normal distributions (Bilodeau and
Brenner (2008)), we obtain that the posterior distribution
[(
d
c
) | y] is normal with mean and
covariance described below:
E

d
c
 | y
 =
 τ2Sᵀ
bQRᵀ
(τ2SSᵀ + bRQRᵀ + σ2In)−1 y
=
 τ2b Sᵀ
QRᵀ
(τ2
b
SSᵀ +RQRᵀ +
σ2
b
In
)−1
y
=
 ρSᵀ
QRᵀ
 (ρSSᵀ +M)−1 y
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=
 ρSᵀ (ρSSᵀ +M)−1
QRᵀ (ρSSᵀ +M)−1
y,
and
V ar

d
c
 | y
 =
 τ2Ik 0
0 bQ

−
 τ2Sᵀ
bQRᵀ
(τ2SSᵀ + bRQRᵀ + σ2In)−1( τ2S bRQ )
=b
 τ2b Ik 0
0 Q
− b
 τ2b Sᵀ
QRᵀ
(τ2
b
SSᵀ +M
)−1(
τ2
b S RQ
)
=b
 ρIk 0
0 Q
− b
 ρSᵀ
QRᵀ
 (ρSSᵀ +M)−1( ρS RQ )
=b

 ρIk 0
0 Q
−
 ρS
ᵀ (ρSSᵀ +M)−1
(
ρS RQ
)
QRᵀ (ρSSᵀ +M)−1
(
ρS RQ
)


=b

 ρIk 0
0 Q
−

[
ρSᵀ (ρSSᵀ +M)−1 ρS
] [
ρSᵀ (ρSSᵀ +M)−1RQ
]
[
QRᵀ (ρSSᵀ +M)−1 ρS
][
QRᵀ (ρSSᵀ +M)−1RQ
]


=b

[
ρIk − ρSᵀ (ρSSᵀ +M)−1 ρS
] [
−ρSᵀ (ρSSᵀ +M)−1RQ
]
[
−QRᵀ (ρSSᵀ +M)−1 ρS
] [
Q−QRᵀ (ρSSᵀ +M)−1RQ
]
 .
Lemma 73
Suppose M is a symmetric and nonsingular matrix and S is a full column rank matrix, then
lim
ρ→∞ (ρSS
ᵀ +M)−1 = M−1 −M−1S (SᵀM−1S)−1 SᵀM−1
lim
ρ→∞ ρS
ᵀ (ρSSᵀ +M)−1 =
(
SᵀM−1S
)−1
SᵀM−1
lim
ρ→∞ ρI − ρ
2Sᵀ (ρSSᵀ +M)−1 Sᵀ =
(
SᵀM−1S
)−1
.
Proof.
We describe the idea of the proof; the details can be found in (Wahba, 1978, p. 367) and
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(Wahba, 1983, p. 137). The proof is based on the identity
(ρSSᵀ +M)−1 = M−1 −M−1S (SᵀM−1S)−1 (I + ρ−1 (SᵀM−1S)−1)−1 SᵀM−1 (B.14)
which can be proven directly. Using (B.14) with some algebra and taking the limit ρ→∞ the
lemma follows easily.
Proposition 74 [Full Conditional Posterior of Coefficients
(
d
c
)
. Version 2.]
Let {(xi, yi)}ni=1 be observed, with σ2 > 0 known, and set d := (d1 d2 · · · dl)ᵀ, c := (c1 c2 · · · ck)ᵀ.
Consider the model
yi =
l∑
j=1
djφj (xi) +
k∑
j=1
cjψj (xi) + i,
i
iid∼ N1(0, σ2),
where {φ}li=1 and {ψ}ki=1 are known functions. For b > 0, τ > 0 and Q ∈ Mk×k(R) positive
definite matrix, consider the priors
di
iid∼ 1
c ∼ Nl (0, bQ)
d ⊥ c(
d
c
) ⊥ (1 · · · n)ᵀ .
Then the posterior of
(
d
c
)
is Nl+k (µdc, bΣdc) where
µdc =
(
(SᵀM−1S)−1SᵀM−1
QRᵀM−1(I−S(SᵀM−1S)−1SᵀM−1)
)
y (B.15)
Σdc =
(
(SᵀM−1S)−1 −(SᵀM−1S)−1SᵀM−1RQ
−QRᵀM−1S(SᵀM−1S)−1 Q−QRᵀ{M−1−M−1S(SᵀM−1S)−1SᵀM−1}RQ
)
(B.16)
and S ∈ Mn×l(R) with entry Si,j = φj(xi), R ∈ Mn×k(R) with entries Ri,j = ψj(xi), M =
RQRᵀ + nλIn, nλ =
σ2
b .
Proof.
First we compute the limits as ρ→∞ of the mean and covariance matrix (B.12) and (B.13).
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Introducing the limits in the column vector and using Lemma 73 we have
lim
ρ→∞µdcρ = limρ→∞
 ρSᵀ (ρSSᵀ +M)−1
QRᵀ (ρSSᵀ +M)−1
y
=
 limρ→∞ ρSᵀ (ρSSᵀ +M)−1
limρ→∞QRᵀ (ρSSᵀ +M)−1
y
=
 (SᵀM−1S)−1 SᵀM−1
QRᵀM−1
(
In − S
(
SᵀM−1S
)−1
SᵀM−1
)
y
= µdc,
(B.17)
while for the covariance, matrix we proceed in a similar way introducing the limits inside the
matrix and using Lemma 73:
lim
ρ→∞Σdcρ = limρ→∞ b

(
ρIk − ρSᵀ (ρSSᵀ +M)−1 ρS
) (
−ρSᵀ (ρSSᵀ +M)−1RQ
)
(
−QRᵀ (ρSSᵀ +M)−1 ρS
) (
Q−QRᵀ (ρSSᵀ +M)−1RQ
)

= b
 (SᵀM−1S)−1 −(SᵀM−1S)−1SᵀM−1RQ
−QRᵀM−1S(SᵀM−1S)−1 Q−QRᵀ{M−1 −M−1S(SᵀM−1S)−1SᵀM−1}RQ

= bΣdc.
(B.18)
On the other side, the characteristic function of a multivariate normal distribution with mean
µdcρ and covariance Σdcρ is φρ(t) = exp
(
itᵀµdcρ +
1
2bt
ᵀΣdcρt
)
and t ∈ Rk+l. For fixed t,
taking the limits and using (B.17) and (B.18) we have that
lim
ρ→∞φρ(t) = limρ→∞ exp
(
itᵀµdcρ +
1
2
btᵀΣdcρt
)
= exp
(
itᵀ
(
lim
ρ→∞µdcρ
)
+
1
2
btᵀ
(
lim
ρ→∞Σdcρ
)
t
)
= exp
(
itᵀµdc +
1
2
tᵀ (bΣdc) t
)
, (B.19)
where expression (B.19) is the characteristic function of a random vector with distribution
Nk+l (µdc, bΣdc). By the Le´vy’s continuity Theorem (Athreya and Lahiri (2006)), (Fristedt
and Gray (2013)), a sequence of random vectors
{(
d
c
)
ρ
}∞
ρ=1
such
(
d
c
)
ρ
∼ Nk+l
(
µdcρ , bΣdcρ
)
converge in distribution as ρ → ∞ to ( dc ) ∼ Nk+l (µdc, bΣdc). We have shown that if in the
177
prior of di
iid∼ N1(0, τ2) in Lemma 72 we let τ2b = ρ → ∞, the posterior distribution (or the
cumulative distribution function) of
(
d
c
)
ρ
converges to Nk+l (µdc, bΣdc). Therefore, if we take
di
iid∼ 1 as prior for di the posterior
[(
d
c
)∣∣y] is Nk+l (µdc, bΣdc).
Proposition 75 (Equivalence Bayesian Models Auxiliary)
In the context of Lemma 74 we have
(
d
c
)|y ∼ Nl+k (µdc,Σdc) , µdc and Σdc described by
(B.15) and (B.16). Define η : X→ R as
η(x) :=
l∑
j=1
djφj (x) +
k∑
j=1
cjψj (x)
then η|y is a Gaussian process with mean and covariance
E [η(x)|y] =
Φ(x)
Ψ(x)

ᵀ
µdc (B.20)
b−1Cov (η(x), η(y)|y) =Ψ(x)ᵀQΨ(y) + Φ(x)ᵀ (SᵀM−1Sᵀ)−1 Φ(x)
−
[
Φ(x)ᵀd˜(y) + Φ(y)ᵀd˜(x)
]
−Ψ(x)ᵀc˜(y) (B.21)
where
Φ(x) = (φ1(x) · · ·φl(x))ᵀ ,
Ψ(x) = (ψ1(x) · · ·ψk(x))ᵀ ,
d˜(x) =
(
SᵀM−1S
)−1
SᵀM−1RQΨ(x),
c˜(x) = QRᵀ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1)RQΨ(x).
In particular
b−1V ar (η(x)|y) = Ψ(x)ᵀQΨ(x)+Φ(x)ᵀ (SᵀM−1Sᵀ)−1 Φ(x)−2Φ(x)ᵀd˜(x)−Ψ(x)ᵀc˜(x). (B.22)
Proof.
Consider d?
c?
 =
d
c
− µdc
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η?(x) =
l∑
j=1
d?jφj (x) +
k∑
j=1
c?jψj (x) .
By Lemma 71, η? is a Gaussian process with mean 0 and covariance Cov (η?(x), η?(y)) =( Φ(x)
Ψ(x)
)ᵀ
Σdc
( Φ(y)
Ψ(y)
)
. Therefore, we have
b−1Cov (η(x), η(y)) =
Φ(x)
Ψ(x)

ᵀ (
(SᵀM−1S)−1 −(SᵀM−1S)−1SᵀM−1RQ
−QRᵀM−1S(SᵀM−1S)−1 Q−QRᵀ{M−1−M−1S(SᵀM−1S)−1SᵀM−1}RQ
)Φ(y)
Ψ(y)

=Φ(x)ᵀ(SᵀM−1S)−1Φ(y)− Φ(x)ᵀ(SᵀM−1S)−1SᵀM−1RQΨ(y)
−Ψ(x)ᵀQRᵀM−1S(SᵀM−1S)−1Φ(y)
+ Ψ(x)ᵀ
[
Q−QRᵀ{M−1 −M−1S(SᵀM−1S)−1SᵀM−1}RQ]Ψ(y)
=Ψ(x)ᵀQΨ(y) + Φ(x)ᵀ(SᵀM−1S)−1Φ(y)− Φ(x)ᵀ(SᵀM−1S)−1SᵀM−1RQΨ(y)
− [Φ(y)ᵀ(SᵀM−1S)−1SᵀM−1RQΨ(x)]ᵀ
−Ψ(x)QRᵀ
(
M−1 −M−1S (SᵀM−1S)−1 SᵀM−1)RQΨ(y)
=Ψ(x)ᵀQΨ(y) + Φ(x)ᵀ(SᵀM−1S)−1Φ(y)− φ(x)ᵀd˜(y)−
[
φ(y)ᵀd˜(x)
]ᵀ −Ψ(x)ᵀc˜(y)
=Ψ(x)ᵀQΨ(y) + Φ(x)ᵀ(SᵀM−1S)−1Φ(y)−
[
φ(x)ᵀd˜(y) + φ(y)ᵀd˜(x)
]
−Ψ(x)ᵀc˜(y).
Since η(x) = η?(x) +
Φ(x)
Ψ(x)

ᵀ
µdc we have
E [η(x)|y] = E
η?(x) +
Φ(x)
Ψ(x)

ᵀ
µdc
∣∣∣∣∣∣∣y
 =
Φ(x)
Ψ(x)

ᵀ
µdc
and
Cov (η(x), η(y)|y) = Cov
η?(x) +
Φ(x)
Ψ(x)

ᵀ
µdc, η
?(y) +
Φ(x)
Ψ(x)

ᵀ
µdc
∣∣∣∣∣∣∣y
 = Cov (η?(x), η?(y)|y) .
The expression for V ar(η|y) follows directly
B.2 Vector Valued Functions in Hilbert Spaces
Proposition 76
In the context of Proposition 25
ΓΓ+Kzx = Kzx.
179
Proof.
Lets define
ξ(x) =

K(z1,x)
...
K(zk,x)
 ∈Mkd2×d2(R).
First I want to prove that for any x ∈ Rd1 , every column of ξ(x) is in Im(Γ). Let be A =
{a : aᵀ(Γ)a = 0}. Let be x ∈ Rkd2 and a ∈ A. Observe that 0 = aᵀ(Γ)a = J (ξ(x)ᵀa) implies
ξ(x)ᵀa = 0 because ‖·‖2HK is a norm in span {K(zi, ·)}ki=1. Hence, every column of ξ(x) is in
an orthogonal-〈·, ·〉HK space to A; ξ(x) ∈ Aᵀ.
On another side, from definitions we have that ker(Γ) ⊂ A, then Im(Γ)) = (ker(Γ))⊥ ⊇
A⊥. Thus we can conclude that every column of ξ(x) is in Im(Γ).
From before and in particular, every column of Kzx is in the image of Γ. We also know
by definition of the Moore-Penrose inverse that ΓΓ+Γ = Γ, hence ΓΓ+ projects every vector
in the column space of Γ, the image of Γ, then ΓΓ+ leaves fixed any vector in the image of Γ
such as every column of Kzx, then ΓΓ
+Kzx = Kzx.
Proposition 77
Let H be a RKHS of functions with domain in Rd1 and rank in Rd2. Let 〈·, ·〉 be the inner
product in H and ‖·‖ its induced norm. Let {zi}ki=1, {xi}ni=1 ⊂ Rd1, Σ ∈ Md2×d2(R) a positive
definite matrix. Let η ∈ H be of the form
η(x) =
k∑
i=1
K(zi,x)ai. (B.23)
Then, the function
L(A) :=
n∑
i=1
(yi − η(xi))ᵀ Σ−1 (yi − η(xi)) + nλ‖η‖2H
can be written as
L(A) = (Y −KxzA)ᵀ ΨΣ,n (Y −KxzA) + nλ
2
AᵀΓA, (B.24)
where Y = vec (y1 · · ·yn), A = vec (a1 · · ·ak), Kxz ∈ Mnd2×kd2(R) is a block matrix with
i, jth block K(xi, zj), Kzz ∈ Mkd2×xd2(R) is another block matrix with i, jth block K(zi, zj),
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Kzx = K
ᵀ
xz, ΨΣ,n = In⊗Σ−1, Γ = KzzΨΣ,n+ΨΣ,nKzz. Furthermore, the gradient and Hessian
matrix are
∇L(A)ᵀ = 2
{
KzxΨΣ,nKxz +
nλ
2
Γ
}
A− 2KzxΨΣ,nY and
H [L(A)] = 2
{
KzxΨΣ,nKxz +
nλ
2
Γ
}
respectively, the critical points of L in Rkd2 satisfy the linear equations{
KzxΨΣ,nKxz +
nλ
2
Γ
}
A = KzxΨΣ,nY, (B.25)
any critical point is not a local minimum; and any two critical points A and X have the property
that L(A) = L(X ).
Proof.
Let us first prove that L can be written as (B.24). Lets compute ‖η‖2H, with η as expression
(B.23):
‖η‖2H =
〈
k∑
i=1
K(zi, ·)ai,
k∑
i=1
K(zi, ·)aj
〉
HK
=
k∑
i,j=1
〈K(zi, ·)ai,K(zj , ·)aj〉H
=
1
2

k∑
i,j=1
〈K(zi, zj)ai,aj〉Y +
k∑
i,j=1
〈ai,K(zi, zj)aj〉Y
 (B.26)
=
1
2

k∑
i,j=1
aᵀiK(zi, zj)Σ−1aj +
k∑
i,j=1
aᵀiΣ
−1K(zi, zj)aj

=
1
2
k∑
i,j=1
aᵀi
{K(zi, zj)Σ−1 + Σ−1K(zi, zj)}aj
=
1
2
A [KzzΨΣ,n + ΨΣ,nKzz]A,
=
1
2
AΓA, (B.27)
where (B.26) is obtained using the reproducing property and symmetry of the inner products.
Furthermore, it is direct to see that
n∑
i=1
(yi − η(xi))ᵀ Σ−1 (yi − η(xi)) = (Y −KxzA)ᵀ ΨΣ,n (Y −KxzA) , (B.28)
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hence, by (B.27) and (B.28), we have proven (B.24). Expression (B.25) is obtained directly
by equating the corresponding quantities.
Lets obtain the gradient ∇L computing the derivative directly. Let Y? = (ΨΣ,n)1/2 Y =
ΨΣ1/2,nY and K
?
xz = (ΨΣ,n)
1/2 Kxz = ΨΣ1/2,nKxz (Definition 33 for the square root of a
matrix). Expanding (B.24) we have
L(A) = (Y?)ᵀ Y? −Aᵀ (K?xz)ᵀ Y? − (Y?)ᵀ K?xzA+Aᵀ (K?xz)ᵀ K?xzA+
nλ
2
AᵀΓA,
taking derivatives we have
∇L(A) = −2 (Y?)ᵀ K?xz + 2Aᵀ (K?xz)ᵀ K?xz + 2
nλ
2
AᵀΓ
= −2YᵀΨΣ,nKxz + 2AᵀKzxΨΣ,nKxz + 2nλ
2
AᵀΓ
= 2
[{
KzxΨΣ,nKxz +
nλ
2
Γ
}
A−KzxΨΣ,nY
]ᵀ
,
and the Jacobian matrix is directly obtained as
H [L(A)] = 2
{
KzxΨΣ,nKxz +
nλ
2
Γ
}
.
Expression (B.25) is obtained directly by equation ∇L(A) = 0.
Now, we prove that L(X ) = L(A) for any two critical points X ,A ∈ RN . Observe that
using the Taylor approximation Theorem, centering the approximation in A and that the third
partial derivatives are zero, L can be written as
L(X ) = L(A) +∇L(A)ᵀ (X −A) + (X −A)ᵀ H [L(A)] (X −A) .
Furthermore, by Proposition 78 the Hessian matrix H [L(A)] is semipositive definite in any
critical point A, then
L(X ) = L(A) + (X −A)ᵀ H [L(A)] (X −A) ≥ L(A)
L(A) = L(X ) + (A−X )ᵀ H [L(A)] (A−X ) ≥ L(X ),
then L(A) = L(X ) for any two critical points of L. Furthermore, we also have by the previous
equations that any critical point is not a local minimum.
We have proven that any critical point X is a global maximum even when it may be another
A such L(X ) = L(A).
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Proposition 78
In the context of Proposition 77, the Mkd2×kd2(R) matrix
{KzxΨΣ,nKxz + nλΓ}
is semipositive definite in the usual sense of matrices.
Proof.
First we prove KzxΨΣ,nKxz is semipositive definite matrix. Let A ∈ Rkd2 and observe that
AᵀKzxΨΣ,nKxzA = [KxzA]ᵀ ΨΣ,n [KxzA] ≥ 0,
where the last inequality is because ΨΣ,n is positive definite. Hence KzxΨΣ,nKxz is semipositive
definite matrix.
Second, we proof that Γ = KzzΨΣ,n + ΨΣ,nKzz is semipositive definite matrix. Let A =
vec (a1 · · ·ak) and η =
∑n
i=1K(zi, ·)ai. Observe that
0 ≤ ‖η‖2 =
〈
k∑
i=1
K(zi, ·)ai,
k∑
i=1
K(zi, ·)aj
〉
HK
=
k∑
i,j=1
〈K(zi, ·)ai,K(zj , ·)aj〉HK
=
1
2

k∑
i,j=1
〈K(zi, zj)ai,aj〉Y +
k∑
i,j=1
〈ai,K(zi, zj)aj〉Y
 (B.29)
=
1
2

k∑
i,j=1
aᵀiK(zi, zj)Σ−1aj +
k∑
i,j=1
aᵀiΣ
−1K(zi, zj)aj

=
1
2
k∑
i,j=1
aᵀi
{K(zi, zj)Σ−1 + Σ−1K(zi, zj)}aj
=
1
2
A [KzzΨΣ,n + ΨΣ,nKzz]A,
where (B.29) is obtained using the reproducing property and symmetry of the inner products.
Therefore, Γ is a semipositive definite matrix. Hence, nλΓ is semipositive definite because
nλ > 0
We have shown that KzxΨΣ,nKxz and nλΓ are semipositive definite matrices. The sum of
two semipositive definite matrices is semipositive definite. We have proven what we wanted.
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Proposition 79
In the context of Proposition 18 and Proposition 77, µY satisfies equation (B.25).
Proof.
Recall that ΨΣ,n =
(
In ⊗ Σ−1
)
, ΨΣ−1,n = (In ⊗ Σ) and let M = KxzΓ+Kzx + nλ2 ΨΣ,n. Lets
prove now that µY satisfies (B.25) by plugging µY = Γ
+Kxz
{
KxzΓ
+Kzx +
nλ
2 ΨΣ−1,n
}−1
Y
into left part of equation (B.25). We obtain:{
KzxΨΣ,nKxz +
nλ
2
Γ
}
µY = KzxΨΣ,nKxzΓ
+KzxM
−1Y +
nλ
2
(
ΓΓ+Kzx
)
M−1Y
= KzxΨΣ,nKxzΓ
+KzxM
−1Y +
nλ
2
(Kzx)M
−1Y (B.30)
= Kzx
[
ΨΣ,nKxzΓ
+Kzx +
nλ
2
Ind2
]
M−1Y
= Kzx
[
ΨΣ,n
{
KxzΓ
+Kzx +
nλ
2
ΨΣ−1,n
}
M−1
]
Y
= KzxΨΣ,nY,
where (B.30) is by Proposition 76 that states ΓΓ+Kzx = Kzx.
Proposition 80 Using the notation from Proposition 25, lets define
M = Kxz [ΨΣ,kKzz + KzzΨΣ,k]
+ Kzx +
nλ
2
ΨΣ−1,n.
Then,
M−1 =
2
nλ
ΨΣ,n
[
ΨΣ−1,n −Kxz
(
nλ
2
Kzz + KzxΨΣ,nKxz
)+
Kzx
]
ΨΣ,n. (B.31)
Proof.
Define N as
N =
2
nλ
ΨΣ,n
[
ΨΣ−1,n −Kxz
(
nλ
2
Kzz + KzxΨΣ,nKxz
)+
Kzx
]
ΨΣ,n.
We prove now that MN = In as
MN =
2
nλ
{
Kxz [ΨΣ,kKzz + KzzΨΣ,k]
+ Kzx +
nλ
2
ΨΣ−1,n
}
×
{
ΨΣ,n −ΨΣ,nKxz
(
nλ
2
Kzz + KzxΨΣ,nKxz
)+
KzxΨΣ,n
}
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=2(nλ)−1
{
KxzΓ
+KzxΨΣ,n −KxzΓ+KzxΨΣ,nKxz
(
nλ
2
Kzz + KzxΨΣ,nKxz
)+
KzxΨΣ,n
}
× 2(nλ)−1
{
nλ
2
In −Kxz
(
nλ
2
Kzz + KzxΨΣ,nKxz
)+
Kzx
}
=In + 2(nλ)
−1Kxz
{
Γ+ − Γ+KzxΨΣ,nKxz
(
nλ
2
Kzz + KzxΨΣ,nKxz
)+}
KzxΨΣ,n
× 2(nλ)−1Kxz
{
−nλ
2
(
nλ
2
Kzz + KzxΨΣ,nKxz
)+}
KzxΨΣ,n
=In + 2(nλ)
−1Kxz
{
Γ+ −
(
nλ
2
Ik + Γ
+KzxΨΣ,nKxz
)(
nλ
2
Γ + (Kzx) ΨΣ,nKxz
)+}
KzxΨΣ,n
=In + 2(nλ)
−1Kxz
{
Γ+ −
(
nλ
2
Ik + Γ
+KzxΨΣ,nKxz
)(
nλ
2
Γ +
(
ΓΓ+Kzx
)
ΨΣ,nKxz
)+}
KzxΨΣ,n
(B.32)
=In + 2(nλ)
−1Kxz
{
Γ+ −
(
nλ
2
Ik + Γ
+KzxΨΣ,nKxz
)(
nλ
2
Ik + Γ
+KzxΨΣ,nKxz
)+
Γ+
}
KzxΨΣ,n
=In + 2(nλ)
−1Kxz
{
Γ+ − Γ+}KzxΨΣ,n (B.33)
=In,
where expression (B.32) using that ΓΓ+Kzx = Kzx (Lemma 76), and (B.33) is because
nλ
2 Ik+
Γ+KzxΨΣ,nKxz is invertible. Using a similar procedure with the equality KxzΓ
+Γ = Kxz, we
can prove that NM = In. Therefore M
−1 = N.
Theorem 81 (Representer Theorem I) Micchelli and Pontil (2005)
Let X a non empty set, Y a real Hilbert space with inner product < ·, · >Y. Let H a RKHS of
functions η : X → Y. Let {xi,yi}ni=1 an observed labeled sample with xi ∈ X and yi ∈ Y. The
minimization problem
arg min
η∈H
1
n
n∑
i=1
‖η(xi)− yi‖2Y + λ‖η‖2H
has a unique solution η =
∑n
i=1K(xi, ·)ai, where the vector ai ∈ Y satisfy the n linear equations
n∑
j=1
K(xi,xj)aj + nλai = yi, for 1 ≤ i ≤ n.
185
Theorem 82 (Representer Theorem II) Minh et al. (2013)
Let X a non empty set, Y a real Hilbert space with inner product < ·, · >Y. Let H a RKHS of
functions η : X → Y. Let M: Yn+m → Yn+m ∈ L(Yn+m) a symmetric positive operator. Let
{xi,yi}ni=1∪{xi}n+mi=n+1 an observed sample with xi ∈ X and yi ∈ Y. The minimization problem
arg min
η∈H
1
n
n∑
i=1
‖η(xi)− yi‖2Y + λA‖η‖2H + λI 〈η,Mη〉Y
has a unique solution η =
∑n+m
i=1 K(xi, ·)ai, where the vector ai ∈ Y satisfy the linear equations
n+m∑
j=1
K(xi,xj)aj +mλI
n+m∑
j,k=1
MikK(xk,xj)aj + nλAai = yi, for 1 ≤ i ≤ n
λI
n+m∑
j,k=1
MikK(xk,xj)aj + λAai = 0, for n+ 1 ≤ i ≤ n+m.
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APPENDIX C. FIGURES
In this appendix, we present more complete summary plots from the simulation studies
described in the main body of the dissertation.
C.1 Real Valued Regression Functions
We show plots that summarize Chapter 3; estimation of multivariate real regression func-
tions. Each plot has its own description and reference to the main body of the dissertation.
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APPENDIX D. NUMERICALLY STABLE COMPUTATIONS
In this appendix, we describe the practical difficulties to compute matrices required for the
evaluation of functions and inversion of matrices used in Chapters 2, 3 and 4. We developed
our methods using alternatives expressions for the required matrices, but after sometime, these
approaches were found in Kim and Gu (2004). We describe matrix expressions to compute the
inversion of large matrices needed in algorithms to fit the models.
Let {xi, yi}ni=1 ⊂ Rd × R be a given training set, let be {zi}ki=1 ⊂ {xi}ni=1 a set of knots, a
reproducing kernel RJ (·, ·) in a RKHS as in chapter 2−4, a basis set of functions {ψi}li=1 of the
null space NJ , Q ∈ Mk×k(R) with entries Qi,j = RJ (zi, zj), S ∈ Mn×l(R) with Si,j = ψj(xi)
full column rank, R ∈Mn×k(R) full column matrix, Ri,j = RJ (xi, zj) and M = RQ+Rᵀ+nλIn.
We want to compute
(
SᵀM−1S
)−1 ∈ Ml×l(R) and M−1 ∈ Mn×n(R). These expressions
are required in the evaluation of the functions U (2.55), V (2.59), M (2.72) and they appear
in the full conditional posterior of all our models. Inversion of the n × n matrices can be
accomplished using standard procedures taking into account that the matrices are symmetric.
Nevertheless, the computation of the inverses in this way leads to numerically unstable and
slow evaluations of the scores U , V and M. This is an important problem for the algorithms
proposed to fit the Bayesian models, especially in Chapter 4 where each step of the metropolis
within Gibbs algorithm requires to evaluate one of the scores, minimize such score, to com-
pute M−1 and (SᵀM−1S). Figure D.1 shows the evaluation of the scores U , V and M using
their definition. The evaluation of these scores and the numerical instability is evident in the
Restrictive Maximum Likelihood method M.
It can be proven directly that
M−1 =
1
nλ
{
I −R (nλQ+RᵀR)+Rᵀ} (D.1)
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by showing that the product MM−1 = In, M−1M = In, (Proposition 80), with the help of
QQ+Rᵀ = Rᵀ (Proposition 76). Observe that directly inverting matrix M is a task of inverting
a n × n matrix while computation of (D.1) requires at most to compute the Moore-Penrose
inverse of a k × k matrix, k << n.
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Figure D.1 Plots of the scores used to choose the smoothing parameters computed by their
definitions (2.55), (2.59) (2.72). Observe the evident instability for the Restrictive
Maximum Likelihood score. The three scores are slow to evaluate if they are
computed from their definition.
The inverse of SᵀM−1S is desired to be computed as well. Expression
(
SᵀM−1S
)−1
can be
more efficiently computed by first obtaining the Cholesky decomposition, (Golub and Van Loan
(2012)), of the left side of equation (2.51) as SᵀS SᵀR
RᵀS RᵀR+ nλQ
 =
 Gᵀ1 0
Gᵀ2 G
ᵀ
3

 G1 G2
0 G3
 . (D.2)
If R is not full column rank we can pivote the columns of G3 and write
G3 =
 H1 H2
0 0
 ,
and define
G˜3 =
 H1 H2
0 δI

for small appropriate δ > 0. If R is full column rank, G˜3 = G3. Using this notation we can
write (
SᵀM−1S
)−1
=
1
nλ
{
(SᵀS)−1 + (SᵀS)−1 SᵀRG˜−13 G˜
−ᵀ
3 R
ᵀS (SᵀS)−1
}
. (D.3)
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Equation (D.3) can be proven to hold by showing directly that
(
SᵀM−1S
)−1 (
SᵀM−1S
)
=
Il and
(
SᵀM−1S
) (
SᵀM−1S
)−1
= Il using (D.3) in one side and plugging in (D.1) in
(
SᵀM−1S
)
from the other side. The relations QQ+Rᵀ = Rᵀ, Gᵀ3G3 = R
ᵀ (I − S(SᵀS)−1S)R + nλQ and
Gᵀ3G3G˜3G˜
−ᵀ
3 R
ᵀ = Rᵀ are needed and would need to be proven (Kim and Gu, 2004, Appendix
A).
Expressions (D.1) and (D.3) are useful for the evaluation of the full conditional posteriors
and for the scores U (2.55) and V (2.59). A efficient evaluation ofM (2.72) is more difficult to
achieve but finally one can obtain (Kim and Gu (2004)) that
M(λ) ∝ y
ᵀF2 (F
ᵀ
2MF2)
−1
F ᵀ2 y
|Q+ (nλ)−1RᵀF2F ᵀ2R|+/|Q|+
(D.4)
where F2 is from the decomposition of S (2.8).
Using the described alternative expressions we have a faster and more stable evaluation of
the scores to select the smoothing parameters, Figure D.2.
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Figure D.2 Plots of the scores using efficient computations of the matrices M−1 and
(SᵀM−1S)−1. The score functions are faster to evaluate and numerical instability
is no longer present.
